LETTER FROM THE EDITOR

As William Dunham writes in the first article, the Mobius function “seems to conceal
numerical information rather than reveal it.” Dunham reviews Mobius’ use in analysis
of his namesake function and Euler’s anticipation of the function. In the next article,
Tom Edgar considers visually appealing dissection proofs of staircase series, proving
known results in an intuitive and easy-to-reconstruct way. Francisco Sanchez and José
Maria Sanchis follow by applying Darboux sums to sum the alternating harmonic se-
ries.

Two articles on group theory are next. Chase Saucier uses a combinatorial ap-
proach to prove Wilson’s theorem for finite Abelian groups and Robert Heffernan, Des
MacHale, and Brendan McCann are motivated by Cayley’s theorem to ask five ele-
mentary questions about embeddings of finite groups, which they answer for groups of
order 15 or less.

In a 1-page note, Mark Dalthorp uses a simple observation about integrals to derive
the Taylor series of ¢, sin x, and cos x. Using multivariable calculus, Joseph Previte and
Michelle Previte show that most triangles in n-dimensional space are acute for n > 3,
a result not true for n = 2, which was considered by Lewis Carroll in 1893 and further
develop by Richard Guy in THIS MAGAZINE in 1993. For triangles in the plane, Stefan
Catiou and Allan Berrelle introduce a new curve which is the envelope of all lines that
bisect the triangle’s perimeter. They go on to describe the curve both analytically and
geometrically.

Michael Lord constructs different representations of the power series for which the
nth coefficient is the reciprocal of the nth Fibonacci number. He then compares the
convergence of the resulting power series. This demonstrates that “the goal of the nu-
merical analyst is to do the analysis first and then do the computation.”

In a pictorally motivated proof, Roger Nelsen shows that even perfect numbers end
in 6 or 28.

For a simple family of trinomials, the roots form intriguing patterns in the complex
plane that lead to a conjecture about the number of roots that lie inside the unit circle.
Using basic geometry, number-theoretic calculations, and an application of Rouché’s
theorem, Michael Brilleslyper and Lisbeth Schaubroeck prove the conjecture for a spe-
cial case.

As with every issue in 2018, there is a Partiti puzzle (see the February issue for
an introduction to the problem). And, as is often the case, the popular Problems and
Solutions and the Reviews complete the issue.

Finally, I offer my thanks to two departing editorial board members (David Scott
and Julie Beier) for their service. David steps down after 2* years, while Julie exits
after 2% years. Best of luck to Julie in her new non-academic position.

Michael A. Jones, Editor
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We begin with this challenge from analysis: for —1 < x < 1, determine the exact value
of the infinite series

X x? x? x° x° x’ x!0

l—x_l—x2_1—x3_1—x5+1—x6_1—x7+1—x10

xll x13 Xl4 xlS x17

_l_xll_1_x13+1_x14+1_x15_1_x17_

The pattern here is anything but clear, as signs flip-flop in strange fashion and certain
terms are unexpectedly missing. The sum turns out to be a simple one, but finding it,
as we shall see, requires familiarity with something called the “Mobius function.”

This function shows up in any comprehensive text on the theory of numbers. Af-
ter chapters on primes and congruences, on the Euclidean algorithm and Diophantine
equations, such a book will sooner or later introduce the Mobius function. It tends to
appear alongside its number-theoretic cousins: the sigma, tau, and phi functions. The
sigma function, o (k), sums all the divisors of k; the tau function, t(k), counts all the
divisors of k; and the phi function, ¢(k), counts the numbers less than k and relatively
prime to it. These three have an obvious utility in number theory.

The Mobius function, by contrast, seems neither useful nor obvious. It is denoted
by (k) and defined, for a whole number k, as follows:

(@ u()=1
(b) (k) =0 if k is divisible by the square of some prime.
(c) u(k) = (—1)"if k is the product of r different primes.

Thus, for the first ten numbers, w(1) = 1; w(2) = w(3) = u(5) = u(7) = —1 because
each is a prime; u(4) = w(8) = wn(9) = 0 because these are divisible, respectively, by
22,22, and 3%; and 11(6) = u(10) = (—1)> = 1 because these are the products of two
different primes.

At first glance, these values seem uninformative. Unlike the sigma, M&bius’s func-
tion doesn’t sum anything. Unlike the tau and phi, Mobius’s function doesn’t count
anything. Because every fourth number is divisible by 2% = 4, the Mdbius function
takes the value zero more than a quarter of the time. And the Mobius function ex-
hibits strange runs, like ©(33) = w(34) = w(35) = 1 or u(242) = n(243) = n(244) =
1(245) = 0. In such cases, the function seems to conceal numerical information rather
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than to reveal it. Whereas the sigma, tau, and phi functions are “natural” concepts, the
Mobius function comes across as something of an oddity. What possible interest could
it hold?

Anyone who reads a bit further in that number theory text will discover that the
Mbobius function is not only important but highly so. The deeper one digs, the more
significant the concept becomes. For instance, the prime number theorem can be recast
in terms of the Mobius function. The (famously unresolved) Riemann hypothesis can be
recast in a similar fashion. And there is even an application to quantum physics called
the “free Riemann gas model of supersymmetry” that involves — yes! — the Mobius
function. Indeed, this is a concept to be reckoned with.

Where did the idea come from?

August Ferdinand Mobius
(1790-1868)

Here the story holds its surprises, for the function’s namesake, August Ferdinand
Mbobius (1790-1868), did not introduce it via the conditions (a)—(c) above. Rather, the
concept appeared in his 1832 paper “Ueber eine besondere Art von Umkehrung der
Riehen” (On a special kind of inversion of series) about a subject that, at first glance,
had nothing to do with number theory [4, pp. 105-123].

Mobius began with a real function defined by the power series

f(x) = a1x+a2x2 —I—a3x3 +a4x4 + -y
which he sought to invert into an expression for x of the form
X =Db1f(0) + baf () + b3 f() + baf (&) + - -

The challenge was to determine the values of the b; based on the known values of
the ay.
To simplify things, Mobius set all the a; equal to 1, thereby turning f(x) into the
geometric series
O =x+x+x +x' 4.
This, of course, sums to x/(1 — x) for — 1 < x < 1. His inversion therefore amounted
to writing
X=bif) +baf () + b3 f () + bafxH) + - -
=bx++0+x T+ b+ ]



VOL. 91, NO. 2, APRIL 2018 85

+03° x4+ P T bl P X
+ b5 + xS 0
Collecting powers of x, Mobius arrived at
x = bix + [by + o] x* + [by + b3]1x° + [by + by + byl x* + [by + bs] X
+ [b1 4 by + by + b6l x° + [by + byl x” + [by + by + ba + bg]x® + - -

Matching coefficients of x, he saw that b; = 1. Using this fact and equating coefficients
from consecutively higher powers, he got:

0=1+ by, 0=1+ b3, 0=1+ by + by, 0=1+bs,
0=1+ by + b3 + bg, and so on. (D)
Thus,
by=—1,b3=—1,by=—1—-by =0, bs=—1, bg=—1—by — b3 =1,
b;=—1, by =—1—b, — by =0, etc.

Mobius wished to calculate the b, by identifying a pattern in these coefficients rather
than by solving a string of ever-longer equations. This he did, although here too his
approach might strike the modern reader as strangely complicated.

First, Mobius observed, perhaps with some surprise, that “one finds these coeffi-

cients ... are either —1, 0, or 1.” [4, p. 110] He then showed that they were generated
by the following rules.

Rule 1: If p is prime, the pertinent equation to emerge from (1) is obviously 0 =1 +
b,. Hence b, = —1 for all primes p.

Rule 2: If k = p - g, where p and ¢ are different primes, then the equation from (1) will
be

0=14b, +by+bp,.

Rearranging terms and adding b, - b, to both sides of the equation, Mobius deduced
that

_bpq"‘bp‘bq:1+bp+bq+bp'bq:(1+bp)(1+bq)=0

by Rule 1. Thus by, = b, - b, = (—1)?> = 1. In like fashion, he saw that if k is the product
of r different primes, then b, = (—1)".

Rule 3: If k = p? for some prime p, then the corresponding equation from (1) will be

0=1+ bp + bpz,
andsob,; = —(1 + b,) = 0 by Rule 1. Similarly, if n =p’,hegot0 =1+ by, +by +
b, andsob,s = —(1 + b,) — b, = 0. The same outcome holds for any higher power
of p.

Rule 4: Finally, Mobius considered the case where k is divisible by the square of a
prime. For a simple example, we look at k = p?q where p and ¢ are different primes.
From (1) we have

O=1+4+b,+by+by+ by, +by,
Knowing that by, = b, - b, and adding b,» - b, = 0 to both sides, he got
—bpg+ by by =1+b,+byp+by+b,-by+by-by
=(1+bp+by) (1+by)=0
by Rule 1. Thus b,>, = b,> - b, = 0 - b, = 0 by Rule 3.
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In this fashion, Mobius determined rules for calculating his coefficients b;. Of
course, these yield precisely what is called (k) in today’s textbooks. But it is interest-
ing that, rather than simply defining a number theoretic concept, Mobius had derived
it from the inversion of a geometric series.

We should say a word about the modern notation. This is not due to M&bius, who, as
we just saw, used “b;”. Rather, it was the mathematician Franz Mertens (1840-1927)
who, in an 1874 paper, introduced “w”, the Greek counterpart of “m,” to denote this
function [3]. We can read this choice as homage to “Mobius” ... with the fortunate
coincidence that it also celebrated “Mertens”!

Returning to the original inversion problem, we restate Mobius’s conclusion as

x=bif () +bof () + b f() + baf () + - =Y b f(6) =Y pk)f(xb),

k=1 k=1

or simply

because, as noted,

This, by the way, answers our opening question, for the infinite series

X X2 x3 xS x6 X7 xlO xll

l—x_1—x2_1—x3_1—x5+1—x6_1—x7+1—x10_l—x”_

In short, our infinite series sums to x. What could be simpler?

So, it is tempting to conclude that the Mobius function first appeared in this paper
from 1832 and was subsequently given the name of the author. Alas, that conclusion
needs revision, for in 1748 Leonhard Euler (1707-1783) had stumbled upon the same
idea, although in a very different fashion. This, by the way, was half a century before
August Ferdinand Mobius was even born.

Leonhard Euler
(1707-1783)
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Euler’s discovery appeared in Chapter XV of his classic text, Introductio in analysin
infinitorum. The title of this chapter translates as “On Series Which Arise from Prod-
ucts,” and, as we shall see, it was aptly chosen [1, pp. 228-255].

First, for an arbitrary whole number 7, we introduce the infinite quotient

M= 1
n — 9
(1=5)(1=5)(0=5)(1=-5)
where the terms in the denominators run through the primes. (Note: Euler, who never
employed subscripts, simply called this “M,” but the subscript will prove useful below.)

Because 1 + a + a*> + a® + -+ = 1/(1 — a), he expressed this as an infinite product
of infinite series:

Mo=(1e Lo Ly Ly i Ly Ly R I
" 2t 4 e 3n gm0 27" 5t 25"

L
7 49" '

Upon multiplying these series, Euler concluded that

M—1+1+1+1+1+1+1+1+1+1+ —il
" 2n o 3n4n 5 g pn @no gn [ - ’

where every whole number k appears in one and only one denominator. This follows
from the unique factorization of whole numbers into primes, the so-called fundamental
theorem of arithmetic.

Perhaps more relevant to our story is the behavior of the reciprocal 1/M,,, an infinite
product that we shall denote by Q,. Clearly,

o=(- (-5 (-H-1) -

an expression whose product Euler sought to determine. We first observe that the primes
occurring in these various denominators are different, so there is no way that something
like
1 1 1 1 1 1 1

_ = — . — or —_— e — . —

9n 3 3n 2" 2n 2n 3n
could appear in the product. In other words, when the binomials of Q, are multiplied,
the resulting terms must look like 1/a" where a is not divisible by the square of any
prime. Such a number is called “square-free.”

Thus, upon multiplying these binomials, Euler found that

1 1 1 1 1 1 1 1 1 1

2w e Tl 1 13 14 15

The pattern here should look familiar. The signs obey Rules 1 to 4 of the M&bius func-
tion. Euler put it this way:

“We note that the terms with primes, or products of three different primes, or
any product of an odd number of different primes, appear with a negative sign.
Those terms which are the product of two, four, six, or any even number of
different primes, appear with a positive sign.” [1, p. 230]
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(To this we might add that terms divisible by the square of a prime do not appear at all.)
As an example of the pattern, Euler observed that “ ... the term 1/30" appears with a
negative sign, because 30 is the product of three different primes.” >

This description exactly matches the rules Mobius would later generate. In modern
notation, what Euler had found was

1 Gk
anﬁnzz o

Next, Euler introduced an infinite quotient differing from M,, above only in the signs
of the terms. We shall write it as

1

(I+3) (1 +5) (T +5) (1+5)
Letting R, be the reciprocal of N,,, we see that

= (145) (145) (1+5) (1+5)

_1+i+i+i+i+1+ ! + : + ! + ! + !

s5n 6" 10" 13" 14" 0 15"
This is the same series as that of O, above but with plus signs throughout. As be-
fore, only square-free terms appear in the denominators, so we can express this

result as

n:

_ i [ 1
k=1 e

At this point, it is worth observing that Euler’s derivations conformed to the fashion
of the eighteenth century, when modern analytic rigor still lay far over the mathematical
horizon. Later mathematicians would tidy up the logic of his results, but in this, as in
so many other cases throughout his career, Euler’s analytic intuition did not fail him.

Having generated these formulas, he was ready to specify values of n. To fol-
low his line of attack, we recall three particular series whose sums were familiar to
Euler.

* Since (at least) the previous century, the harmonic series was known to diverge. In
Euler’s day, this divergence was expressed as

RIS
— — — — cee = 00,
2734 "5

* In 1734, Euler had evaluated the sum of reciprocals of the squares as
5 —_ .
— k 6

* Likewise, Euler had summed the reciprocals of the 4™ powers to get

— k4
Armed with these results, he returned to M,,, Q,, and R,, above. For n = 1,

M=ty ottt
= T S e o — = 00
! 2737475767778 9 10
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and so its reciprocal, Oy, is given by

o—q_ Ll L 1t 1 o1 1 1 1 1 _1
'Y 273 576 7710 11 13714715 oo
In modern notation, this becomes the critical formula
o (k)
2o
2
k=1
Next, Euler let n = 2 to get
My=1+ 2yl Ly Ly b1y —il—”z
T T T T 6
and so
05 = 1 1 1 1+1 1+ 1 1 1 n 1 n 1
T 2T e e 112 13 14 15
1 6
_MZ_JTZ’

which we would write as

M2
7|5

=
5o

k=1

This is a remarkable result, but Euler had one more trick up his sleeve. For n = 4,
he knew that

7S S S S _
YT T e T T a T 90’

and so
M, 72/6 . 15
My w490 72’

But the Ms and the Qs are reciprocals of one another, and so

15 My 0 _(1-H)(-H(-2)(-H)

M0 T (=R (= (- ) (=)

(3)(3) e300 o

because
(12)_(e)0o8)
(=) (=) b7
Consequently,
5=&=imgf
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In words, this means that if we sum the reciprocals of the squares of the square-free
whole numbers, we get

1 1 1 1 1 1 1 1 1 1

14+ — 4 T T
+22+32 52 62+72+102+112+132+142+152+

1+1+1+1+1+1+1+1+1+1+1+ 15

- 49 25 36 49 100 121 169 196 = 225 T2

These formulas involving the Mobius function can be spotted—albeit without the “u”
notation—in Euler’s Introductio [2].

X I 1 BB o ok
o=x—-—2'———3--——;+'g‘ 7+IO 11 13
I
—l_'+_"&C¢o
14 1§
1 X ) 4
6 X X I e re——-
e el S st AT
- &Co

From this last expression, it follows that the sum the reciprocals of the squares of
those integers that are not square-free will be

1 e 215
Y el e =

k=1 k=1
That is,
1+1+1+1+1+1+1+1+1+ =90
16 64 144 256 324 400 576 @ 625 T 6m?

Look at this sum for a moment. It is exact. It is strange. It is astonishing. We have
surely found our way into analytic territory where intuition is of no use whatever.

These wonderful results are examples of Euler being Euler, manipulating symbols
with a gusto that can take one’s breath away. In so doing, he not only anticipated the
Mobius function but generated formulas more sophisticated than anything its namesake
would discover eight decades later. Euler was, yet again, far ahead of his time.

With this, we conclude our story of a familiar number theoretic concept and its most
peculiar ancestry. This tale reminds us—if we need reminding—that the history of math-
ematics can provide a host of unexpected rewards.
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Summary. The M&bius function is a fixture of modern courses in number theory. It is usually traced back to an
1832 paper by August Ferdinand Mobius where the function unexpectedly arose in answer to an analytic, rather
than a number theoretic, question. But perhaps more unexpected is that the function can be found in Leonhard
Euler’s classic text, Introductio in analysis infinitorum, from 1748. Besides presenting the origins of what might
be called the “Euler/ Mobius” function, this article is a reminder that the history of mathematics holds its share of
surprises.
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Swain [5] uses what he refers to as “Gabriel’s Staircase” to prove visually that
Yo k't = gt for 0 < r < 1. In this note, we demonstrate how to modify his dia-

gram to provide recursive wordless computations of series of the form ) - k"r* where
n > 1, which we will thus refer to as staircase series. For instance, in Figure 1 we vary
the “stair heights” according to successive odd integers, resulting in a visual proof that

(o) 1 o

2.k k
§ krk_EE 2k — )i~
k=1 k=1

:
1
1
E 4
7 : 7\ 7t -
:
1
1
r : r
. e s e e e .- ----
1 1
1617,
1 1
1 1
5 S 5 5P/ =)
1 1
93! !
72 - =
e
1 1 1
1 1 1 )
3 o2 ' ' ' 3 3r/(1 —r)
r - r
o

o 1 wa-o

Figure 1 Staircase series with odd integer stair heights.

Math. Mag. 91 (2018) 92-95. doi:10.1080/0025570X.2017 . 1415584 © Mathematical Association of America
MSC: Primary 40A05
Color versions of one or more of the figures in the article can be found online at www.tandfonline. com/umma.
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Figure 2 A general staircase series diagram.

Of course, if we couple this with Swain’s result (and some elementary algebra) we
obtain a visual proof that

00 2
Zkzrkz 1 Ay T _ r—|—r'
1—r 1-=r2 1-r (1-r)3

k=1

This extension of Swain’s diagram works because every square, n2, is the sum of
the first consecutive n odd integers so that the difference of consecutive squares is an
odd number (and every odd number is the difference of two consecutive squares). This
realization about Figure 1 helps us see that we can further generalize Swain’s diagram
to provide a reduction formula for the series Z,fozo k"r*, which can be found in [2]
or [3]. To build this diagram, we simply label “stair heights” with the differences of
successive powers of n, which we have done in Figure 2. According to the binomial
theorem, differences of successive powers of n can be computed in terms of binomial
coefficients. Consequently, investigation of Figure 2 leads to the following reduction
formula:

o2 (S0 30 E 0 )

k=0 \ i=0 Jj=k+1 k=0 \i=0

Elementary algebraic manipulation (no derivatives needed) shows that for n > 1

iknrkz 1:r'§(<’;)ikirk)' (1)

k=0 i=0 k=0

Exercise 1. Find a closed form for >_°, k°#* in terms of » when 0 < r < 1.
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1
1 1
1 4 1
1 11 11 1
1 26 66 26 1
1 57 302 302 57 1

Figure 3 The triangle of Eulerian numbers up to row 5.

According to a variant of the Carlitz identity (see [1] or [4]), forn > 1, each staircase
series has a closed form

o0

Z ek = DPu(r)

~ (1 _ r)n+1 ’

where p,(r) is a polynomial in r of degree n — 1. This identity was known to Euler;
in fact the polynomials, p,(r), are known as the Eulerian polynomials, and their coef-

ficients are given by the Eulerian numbers, which form a triangular array of numbers
similar to the binomial coefficients. More precisely,

n—1

pn(r) = Z <’Z>ri,

i=0

where ( ) is entry { in row n of the triangle of Eulerian numbers.

The Eulerian number ( ) counts the number of permutations of {1, ..., n} with i
descents, where a descent of a permutation, 7, is a position j such that n( ]) >m(j+
1). The triangle of Eulerian numbers can be obtained recursively as follows:

n —1 —1
<> (n—l)< >+(l+ 1)< . >
i i—1 i

where ( ) =1 and ( ) 0if i>norif i <0. Rows 1 through 5 of the triangle of

Eulerian numbers are shown in Figure 3. For instance, we see that p3(r) = P 44r+1,
and thus the answer to Exercise 1 is

Zk3 K r +4r +r
—r*

So, our visual computation of staircase series, and its production of equation (1),
coupled with the Carlitz identity, allows us to see that

n() ; n—1 [ee) i
=Y = zo(('j)zkrk)
1

k=0

_ (7 )
-5 2 (a2

=l
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which leads to the following recursive construction of the Eulerian polynomials:

n—1
pu) =Y (('Z) r(1 - r)”—f—lpxr)) , (2)

i=0

where here we must set py(r) = % since the variation on the Carlitz identity does not
hold for n = 0.

Exercise 2. Use Figure 3 and equation (2) to find p;(r), then find the sum of the series
Eo kK (3)

While “proofs without words” are not formal proofs, the point of such diagrams
is to provide a visual that helps one recreate the theorem and/or proof. The reduction
formula given in equation (1) can quickly be reconstructed by remembering the dia-
gram in Figure 2. This reduction formula provides a method of computing the sum of
a variety of series without having to apply calculus techniques making it suitable for
introducing students to series. Surprisingly at first, the same reduction formula also has
many interesting connections to combinatorics, as can be seen in [2] and [3] as well as
our included recursion for Eulerian polynomials.
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Summary. We provide a wordless calculation of the series > o> K>rk for any 0 < r < 1. We extend this visual
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We express a partial sum as a Darboux sum and compute a limit as an integral to prove
that the alternating harmonic series sums to In(2).

Theorem. Y o0 (1) 'L =1-14+1 141 1y .. .=1nQ)
Proof. 1t suffices to prove that the sequence {S5,} of partial sums converges to In(2).
S -1 1+1 1+1 1+ 1
#7023 475 6 2n
—1+1+1+1+1+1+ +1 21+1+1+ +1
B 2 3 4 56 2n 2 46 2n
= 1+1+1+1+1+1+ +1 1+1+1+1+ —I—l
B 2 3 4 56 2n 2 3 4 n

1 1 1 1 n n n
= + 4+ 4 = - + 4+ 4
n+1 n+2 n+n n\n+1 n+2 n+n

1 1 n 1 i n 1 —1f1+f2+ +fn
n1+£ 1—|—% 1+ T n n n n)/)

where f(x) = ﬁ The last expression is a Darboux sum of f(x) on the interval [0, 1]

for the partition {0, }1 % e, %}. Since f(x) is continuous, and therefore Riemann in-

tegrable, on [0, 1], we obtain

1 1 2 LS|
1imsz,1=1im-(f<—)+f(—>+---+f(f))=/ dx=1n2. ®
n— 00 n—oo n n n n 0 14+x

Summary. We provide a simple proof that the alternating harmonic series sums to the natural logarithm of 2 by
expressing partial sums as a Darboux sum of a function on [0, 1] and on the computation of a limit as an integral.
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Here, we will obtain a few results in group theory without using the standard theorems
of Lagrange and Cauchy, or even the basic algebraic concepts of subgroups, quotient
groups, or homomorphisms. Instead, we use simple counting and involutive arguments.
Recall that Wilson’s theorem says that (p — 1)! = —1 (mod p) if p is prime (see [1]).
Note that (p — 1)! is the product of all the units modulo p. We study this problem in a
more general setting, and ask: Given an arbitrary finite Abelian group G, what can be
said of the product over all the elements of G? The answer is well-known, but difficult
to find in a standard textbook. We present our own approaches and give references to
others’ approaches below.

Preliminaries

In the following, G will denote a finite Abelian group unless otherwise stated. The iden-
tity of G will be denoted by 1, and p(G) will denote the product over all the elements

of G, that is,
rG =]Ts

geG

We make a preliminary observation about p(G): Since every element of G appears
in p(G), we may cancel each element g with its inverse g~!, so long as g # g~ .
If an element is its own inverse, then it cannot be cancelled with itself in p(G),
since each element appears only once in the product. Now, an element g is its own
inverse if and only if the order of g is less than or equal to 2. Thus, the product p(G)
can be immediately reduced to the product over all the elements of order 2. We sum-
marize this as follows.

Reduction Lemma. For an Abelian group G, then p(G) = HI d=2 &

The existence of elements of order 2 is thus the only obstruction to achieving full
cancellation.

Corollary. If G has no elements of order 2, then p(G) = 1.

We now note that Euler’s theorem on congruences (see [1]) can be extended imme-
diately to arbitrary finite Abelian groups.

Euler’s Theorem. Let G be a finite Abelian group. Then for any g € G, we have
Gl —
g9 =1.
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Proof. Recall that for any g € G, the map f(x) = gx is a permutation of G. Thus we
have

pG) =[]x=]]e=¢"pG)

xeG xeG

and canceling p(G) from both sides gives the result. ]

When the order of G is odd

Suppose the order of G is odd, so that |G| = 2n + 1. We can now show that p(G) is
trivial.

Theorem 1. If |G| is odd, then p(G) = 1.
Proof. 1If g € G satisfies g = 1, then by Euler’s theorem

| = gOl = @l — g — g
By the reduction lemma, G has no elements of order 2 and the result follows. |

We now give an alternate proof of Theorem 1 via the generalized pigeonhole prin-
ciple, which does not require the reduction lemma or any consideration of elements of
order 2. We also derive Euler’s theorem (for groups of odd order) in a new way. Before
we do so, we will need the following basic counting principle (see the first chapter of

[2]).

Theorem (Generalized Pigeonhole Principle). Ifn objects are chosen (with replace-
ment) from a set of m objects, and - > r, then some object was chosen at least r + 1
times. In other words, if n pigeons fly into m holes, and % > r, then some hole contains
at least r + 1 pigeons.

Alternate Proof of Theorem 1. Let z € G be arbitrary. Let
G, = {{x,y} : x,y € G and x, y, z all distinct},

and let ¢ : G, — G be defined by ¢({x, y}) = xy.

Note that |G,| = (22" ) = 2n? — n. It follows that ¢ makes 2n> — n choices from a set
with 21 4 1 elements as it maps G, into G. Notice that 2rn> — n divided by 2n + 1 is
n — 1 with remainder 1. By the generalized pigeonhole principle, there are at least n
elements in G, that get mapped to the same element g € G. That is, we have

8182 = 8384 =+ = gm—180m = & (1)

where g; # zfor 1 < i < 2nand the two elements appearing in each product are distinct
from each other.

We claim that {gy, ..., g2.} = G\ {z}. Notice that all the g; are distinct. Otherwise,
if ab and ac were two of the products in equation (1), then ab = ac implies b = c,
contrary to the hypothesis that {a, b} and {a, c} were distinct elements of G,. In other
words, the preimage ¢~!(g) is a partition of G \ {z}. We could also say that equation
(1) gives us all the ways to factor g into two elements not equal to z.

Further, it follows that g = z2. To see this, let x = z~'g. Then we must have x = z;
otherwise from above, x appears in one of the above products, say xg;, and we would
have xg; = g = xz, which implies g; = z contrary to our choice of g;.

By combining equation (1) with the above two paragraphs and taking z = 1, then
we can always pair each nonidentity element of G with a distinct inverse; thus, by
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our preliminary observation, G can have no elements of order 2 (and consequently no
elements of even order).
It also follows from equation (1) and from the preceding paragraphs that

n n
p(G) = Zl_[g2i7182i = Zl_[ZZ = 22 = 79, )
i=1 i=1

Since z was arbitrary, the theorem follows by taking z = 1. |
The next corollary follows from equation (2) and Theorem 1.

Corollary (Euler’s Theorem for a Group of Odd Order). Let G be a group of odd
order. Forz € G, 7191 = 1.

When the order of G is even

Now suppose |G| = 2n. Unfortunately, we cannot apply quite the same argument as
above. For an arbitrary z € G, we have an odd number of elements left in G \ {z}, so
that there is some x € G \ {z} that does not get paired. If we try to circumvent this by
isolating two elements x and y and then choosing pairs from G \ {x, y}, the generalized
pigeonhole principle now only gives the existence of n — 2 equal products! In either
case, it is hard to say anything definite since we cannot control which elements get left
out of the pairing. We therefore appeal to the reduction lemma, and reduce p(G) to the
product of all the elements of order 2 in G.

Let us first show that G has an element of order 2. Since G has even order, by re-
moving the identity we are left with an odd number of elements. Then elements not of
order 2 may be removed in pair with their inverses, after which we are still left with an
odd number of elements. Thus G has at least one element of order 2. Note that if G has
a unique element z of order 2, then (by the reduction lemma) we must have p(G) = z.

In the following, let A = {g € G : |g| = 2} and let |A| = 2m + 1. Note that A is not
a subgroup of G because 1 ¢ A. We apply the generalized pigeonhole principle as in
the odd-order case above. In particular, choose an arbitrary element z € A and let

A, = {{x,y} : x,y € A and x, y, z all distinct}.

Note that because the product of two distinct elements of order 2 is again an element
of order 2, we have ¢(A;) C A, and we may apply the generalized pigeonhole principle
to obtain m equal products:

a1y = a3a4 = -+ = Ay 102y = a € A, (3)

where the a; are distinct and not equal to z. As in the odd-order case, equation (3) gives
all the factorizations of a as the product of two elements in A distinct from z.

It follows that a = z. If a # z, then a must equal some other element x of order 2.
As in the odd-order case, x must appear in one of our m equal products, say xa;, so that
we would have xa; = a = x, implying a; = 1, contrary to our choosing a; of order 2.

Using the relations in equation (3) and that a = z we may write

p(G) — Zm+l )

If m + 1is odd, then, because z is of order 2, we find p(G) = z for arbitrary z € G of
order 2. This is only possible if 7 is the unique element of order 2 in G. If m + 1 is even,
we have p(G) = 1. Putting these results together with Theorem 1, we have proved the
following theorem.
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Theorem (Wilson’s Theorem for Finite Abelian Groups). For any finite Abelian
group G, if G has a unique element 7 of order 2, then p(G) = z; otherwise, p(G) = 1.

By adjoining the identity 1 to the set A above, we obtain the elementary Abelian
group H = {g € G : |g| < 2} which has (by Cauchy’s theorem; see [5]) order |[H| = 2"
for some integer > 1. Since |A| = 2m + 1, we have

2m+1)=2m+2=|{l}UA| = |H =2".

Thus, m + 1 is odd if and only if r = 1, as confirmed above.

Finally, note that prime numbers are not mentioned in the statement of Wilson’s the-
orem for finite Abelian groups: we have lost the ring-theoretic setting of the classical
Wilson theorem. As a consequence, Wilson’s theorem for finite Abelian groups does
not allow one to immediately deduce the classical Wilson theorem. We must first check
that the set of positive integers less than the prime p forms a multiplicative group mod-
ulo p. Then we must show that —1 is indeed the unique element of order 2. A proof of
this is outlined below.

Proof. Let p be prime and note that an element x of order 2 in the group U, of units
modulo p satisfies the equation x> = 1 (mod p). This may be rewritten as x> — 1 =
(x+ 1)(x—1) =0 (mod p). The last equality together with the hypothesis that p is
prime implies that p must divide either x 4+ 1 or x — 1. The only nontrivial solution is

= —1 (mod p). This shows —1 is the unique element of order 2 in U,; together with
the reduction lemma this gives the classical Wilson theorem. |

An involutive approach

Let G be an arbitrary (perhaps non-Abelian) finite group, and suppose & € G has order
2. Note that for arbitrary g;, g € G, we have that hg, = g, if and only if g; = hg>.
This shows that the map f},(g) = hg defines an involution of G, that is, fhz(g) = gforall
g € G. Furthermore, f;, has no fixed points; f;,(g) # g for all g € G. Such an involution
without fixed points defines a pairing of G (every element is paired with its image under
fn ) so that G must have even order. Thus, an arbitrary group of odd order cannot have
elements of even order. (Note that the above can be thought of as a very special case
of Lagrange’s theorem: the “pairing” established by the map f;, is a partition of G into
the cosets of the subgroup (h) = {1, h}.)

Now let G be Abelian. If |G| is odd, we can construct the relations in equation (1) as
follows: Choose arbitrary z € G and note that the map ¢.(g) = g~'z* is an involution.
Furthermore, we have ¢.(g) = z if and only if g = z. To show that ¢, establishes a
pairing of the elements of G \ {z}, suppose that g # z. Then ¢,(g) # g, or else 1 =
(g7 1)%z% = (g7 'z)%, which implies that g~'z is an element of order 2. The pairs are
then those appearing in equation (1).

If |G| is even, we can construct the relations in equation (3). AgainletA = {ge€ G :
|gl = 2}, choose z € A, and recall that the map f,(a) = za is an involution without fixed
points such that f(A \ {z}) € A — {z}. Thus f, establishes a pairing of A \ {z}, whose
pairs are those appearing in equation (3). To the author’s knowledge, this is the simplest
route to Wilson’s theorem for finite Abelian groups.

A standard proof

Recalling the reduction lemma, we need only evaluate the product over the elementary
Abelian group H = {g € G : |g| < 2}. Clark [3] suggests that “. .. to the cognoscenti,
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it is irresistible to begin . . .” by appealing to the fundamental theorem of finite Abelian
groups to write H as a direct product of cyclic groups of order 2. In fact, elementary
Abelian groups may be written additively as a vector space over the field F,, where
p is the prime such that 77 = 1 for all 2 € H. We note that this decomposition does
not require the full power of the fundamental theorem of finite Abelian groups; see [5,
chapter 1.8, exercise 6].

If |H| = 2", then

H=Fx---xFkh=F.

We define an involution o : F;' — F}' without fixed points by o (h) = (1,1, ...,1) —
h, where the first term of the difference is understood to be the vector with all coordi-
nates equal to 1. Now we sum over the pairs established by o, of which there will be
=1
271—1 2n—]
PG =) h=3 hi+om)=) (1. .H= 27" .20

heH i=1 i=1

If n > 1 the final term is the zero vector (mod 2); if n =1 the sum is equal to 1
(mod 2), the unique element of order 2.

Other generalizations of Wilson’s theorem

Gauss (see [9]) extended Wilson’s theorem to the product over the group of units U,
for any integer m > 2. In particular, p(U,,) = —1 (mod m) if m = 4, p’, or 2p®, where
p is an odd prime and b is a positive integer; otherwise, p(U,,) = 1 (mod m).

Other generalizations were obtained in [7], such as the following theorem.

Theorem. For any prime p and any natural number n > p, we have

t

n!
> prry—h —1 (mod p)

k=1
where t is the largest natural number such that tp < n.

If we let n = p in the above formula, we obtain the classical Wilson theorem. Also
obtained in [7] is the following theorem, which reduces to Wilson’s theorem when used
for one prime n = p.

Theorem. If 5 < p; < py < --- < p; < n, where each p; is prime, then

t

n!
Z—, = —1 (mod pip2--- py).
— pr(n— pp)!

Clark’s paper [3] contains a trove of Wilson-type theorems, and there he states: “So
far as I know, [Wilson’s theorem for finite Abelian groups] was first proved by the early
American group theorist G.A. Miller [8] . .. But I have not been able to find this result
in any standard textbook.”

When G is non-Abelian

In the case when G is non-Abelian, p(G) will in general depend on the ordering of
the elements in the product; see [4] for details. However, we might consider trying
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to show (without Lagrange’s theorem or involutions) that non-Abelian groups of odd
order can have no elements of even order, with the idea mentioned in our alternate proof
of Theorem 1. That is, if we can pair each nonidentity element with a distinct inverse,
we will have shown there are no elements of order 2. We must now take into account
that an element may appear more than once (but at most twice) in the pairs we obtain.
We will have more pairs to work with since we count ordered pairs. Unfortunately, the
generalized pigeonhole principle leaves us a pair short!

To be precise, let |G| = 2n + 1,andletG; = {(a, b) : a,b € G,a # banda, b # 1}.
Then |G| = 2n(2n — 1) and the generalized pigeonhole principle gives us only 2n — 1
equal products of distinct nonidentity elements, which is not enough to make up for the
redundancy of elements appearing twice among these products. That is, some nontrivial
g € G may not appear among our products, so we are unable to argue that they all must
be equal to 1 as in the Abelian case. If we had 2n equal products, we should be able to
argue that, because an element appears at most twice among them, every nonidentity
element appears among them (by the standard pigeonhole principle) and (as before)
this would force all the products to be equal to 1.

We ask: Is there a way to sharpen this argument (without appealing to Lagrange’s
theorem)?
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One of the earliest and most significant theorems of group theory is Cayley’s theorem
which states:

If a group G has order n, then G is isomorphic to a subgroup of S,,, the symmetric
group on n symbols.

Cayley’s theorem derives from the fact that left multiplication by a fixed element of a
group permutes the elements of that group. This was noted for groups of permutations
(then also known as substitutions) by Cauchy [3] in 1845, and for more abstract
groups by Cayley [4] in 1854. Thus, in principle, any question regarding finite groups
can be reduced to a question about permutation groups. For example, the problem of
determining the possible groups of order n can be reduced to the apparently simpler
problem of determining the set of nonisomorphic subgroups of order » in S,,. However,
as Cayley himself noted when considering the same problem, this “does not in any
wise show that the best or easiest mode of treating the general problem is thus to
regard it as a problem of substitutions.” Indeed it seemed clear to Cayley that the better
course was “to consider the general problem in itself, and to deduce from it the theory
of groups of substitutions” (Cayley [5], Kleiner [9]).

Cayley’s theorem tells us that the symmetric groups are rich in subgroups, with S,
containing an isomorphic copy of each group of order ». In other words, every group of
order n can be (isomorphically) embedded in S,,. Moreover, since S,, obviously contains
a copy of S,_; for each i < n, we see that S, contains a copy of each finite group of or-
der less than or equal to n. We pose five elementary questions concerning embeddings
of groups and answer them for groups of order 15 or less. Questions 1, 2, and 4 con-
cern minimal embeddings in symmetric groups, whereas questions 3 and 5, in keeping
with Cayley’s more abstract approach to group theory, relate to minimal embeddings
in general. By placing an emphasis on the arrangement of subgroups in a group, our
questions could form the basis for a novel (re)acquaintance with the theory of finite
groups.

For groups of order n, we ask the following five questions.
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TABLE 1: Groups of order 15 or less

n Groups of order n n Groups of order n

1 C1 9 Cg, C3 X C3

2 G 10 Cio, Ds

3 G 11 Cn

4 C4,C2 XC2 12 C12,C2 XC2 ><C3,D6,Q3,A4
5 Cs 13 Ci3

6 Ce, D3 14 Ci4, D7

7 (o] 15 Cis

8 Cg,Cz XC4,C2 XC2 XCZ,D4,Q2

1. For each group G, what is the least m such that G can be embedded in S,,?

2. For each n, what is the least m such that all groups of order n can be embedded
inS,,?

3. For each n, what is the size of a smallest group K such that all groups of order
n can be embedded in K? When is K unique?

4. For each n, what is the least m such that all groups of order less than or equal to
n can be embedded in S,,?

5. For each n, what is the order of a smallest group K that contains an isomorphic
copy of each group of order less than or equal to n? When is |K| = |S,|?

To answer our questions, we first need to list the groups of order 15 or less. Denote
the cyclic group of order n by C, and let A,, denote the alternating group of degree n
and order ”7' for n > 2. Let S,, denote the symmetric group of degree n and order n! for
n > 1. For the subset X of a group G, we use (X) to denote the subgroup of G generated
by X. The dihedral group of order 2n (n > 3), given in terms of generators and relations
by (a,b|a"=1=0b*b"lab=a""), is denoted by D,; while Q, (n > 2) denotes
the dicyclic group of order 4n, given by (a,b|a* =1;b* =a";b'ab=a""). In
particular, Q, is the quaternion group of order 8 and Q3 is the non-trivial semi-direct
product of C3 by Cy. Table 1 gives (up to isomorphism) the groups of order n for
n < 15. We note the following isomorphisms: C¢ = C, x C3, D3 = S3, C19 = C; X Cs,
C12 = C3 X C4, D5 = Cz X D3, C14 = Cz X C7, and C15 = C3 X C5.

We note that it was Cayley [6] who, in 1889, produced the first complete listing of the
groups of order 12 or less, an accomplished effort that can be viewed as a forerunner
of modern repositories such as the GAP Small Groups Library [2]. Cayley [S] had
previously proposed in 1878 that the “general problem” of group theory was “to find
all groups of a given order n.” However, despite his early successes and the present-day
availability of computer algebra software, the “general problem” has proved difficult
to solve for values of n with many noncoprime factors, even when # is relatively small.
This points to why we have not ventured beyond n = 15. Perhaps surprisingly, it turns
out that questions 3 and 5 have yet to be answered for n = 16. This is due to the fact
that there are 14 nonisomorphic groups of order 16. As 16 is a power of 2, a group
of minimal order in which all these groups can be embedded will be a finite 2-group,
that is, a group with 2 elements for some k. But the number of nonisomorphic finite
2-groups increases rapidly with increasing k, as shown in Table 2 [1].

Although the number of groups of order 1,024 has been calculated, methods have yet
to be developed that will allow us to search through them for the presence of particular
subgroups. Thus, our seemingly innocuous questions have led us to an open problem
of considerable complexity.
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TABLE 2: Numbers of 2-groups for orders between 16 and 1024

n Number of groups n Number of groups
16 14 256 56,092

32 51 512 10,494,213
64 267 1,024 49,487,365,422
128 2,328

Answers to question 1

For small groups question 1 is comparatively easy to answer, with the possible excep-
tion of the quaternion group O, which we will treat later. For each group of order 15 or
less, Table 3 lists the smallest symmetric group into which that group can be embedded,
and gives a minimal permutation representation of that group.

We remark that the permutation representations for C, and D, have instructive
alternative versions in terms of subgroups of symmetry groups of regular n-sided
polygons. We note further that ((12), (34)) and ((12)(34), (14)(32)) are nonconjugate
embeddings of C; x C; in Sy. This tells us that minimal embeddings of a given group

TABLE 3: Minimal permutation representations for groups of order 15 or less

Group Smallest symmetric group Permutation representation
C] Sl <€)

G S ((12))

G S3 ((123))

Cs S4 ((1234))

G x G S4 ((12), (34))

Cs Ss ((12345))

Ds S3 ((123), (12))

Co Ss ((123)(45))

G S7 ((1234567))

G Sg ((12345678))

G x Cy Se ((12), (3456))

C2 X Cz X C2 S6 ((12)’ (34)’ (56))

D, S4 ((1234), (12)(34))

0 S ((1234)(5678), (1638)(2547))
Gy So ((123456789))

Cs x C3 s ((123), (456))

Cio S7 ((12345)(67))

Ds Ss ((12345), (14)(32))
Cn St ((12345...11))

Cia s, ((1234)(567))

Cy % Cy x Cy S; ((12), (34). (567))

Dy Ss ((123), (12), (45))

O3 S7 ((123), (12)(4567))

Ay S4 ((123), (12)(34))

Cis Si3 ((12345...13))

Cu Sy ((1234567)(89))

D, S7 ((1234567), (27)(36)(45))
Cis Ss ((12345)(678))
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TABLE 4: Symmetric group of least order containing all groups of order n, for 1 <n < 15

Smallest symmetric Smallest symmetric Smallest symmetric
n group n group n group
1 S 6 Ss 11 Shi
2 S> 7 S7 12 S7
3 S3 8 Ss 13 Si3
4 S4 9 Sy 14 Sy
5 Ss 10 S7 15 S

in S,, need not necessarily be conjugate in S,,. As we have mentioned, only one of the
results in Table 3 presents any serious challenge.

Theorem 1. The smallest symmetric group that contains Q,, the quaternion group of
order 8, is Sg.

Proof. By Cayley’s theorem Q, can be embedded in Sg. We proceed to show that it
cannot be embedded in §; and hence not in any smaller symmetric group. A Sylow
2-subgroup of S7 has order 16 and is isomorphic to D4 x C; = ((1234),
(12)(34), (56)). Now every 2-subgroup of a group is contained in a Sylow 2-subgroup,
so the question is can D4 x C, have a subgroup isomorphic to Q,? But D4 x C, has
only four elements of order 4, whereas O, has six such elements, so inclusion is
impossible. Thus our result is established. ]

Answers to question 2

From the results answering question 1, we develop Table 4, which presents the answers
to question 2 for groups of order at most 15. Consideration of the embeddings of cyclic
groups in Table 4 leads us to the following general results.

Theorem 2. Ifn is a prime or prime power, then the smallest symmetric group in which
all of the groups of order n can be embedded is S,,.

Theorem 3. Ifn = 2p, where p is a prime, then the smallest symmetric group in which
all of the groups of order n can be embedded is S, .

(In fact there are just two nonisomorphic groups of order 2p, namely, C4 and C; x C,
for p = 2 and C,,, and D,, for p odd).

We note that the question of determining the smallest symmetric group in which
certain classes of groups and their direct products can be embedded has been studied
by Johnson [8], Wright [13], and Saunders [10, 11].

Answers to question 3

How efficient are the symmetric groups for embedding purposes? Could we perhaps
find other, smaller groups that perform the same functions? This is the motivation for
questions 3 and 5. To provide answers to question 3, we need to define three additional
groups, which we denote by H;, H,, and Hj.

Hy = (x,y | x* =y> =1, yxy = x°) is the quasidihedral (or semidihedral) group of or-
der 16.
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TABLE 5: Group(s) of least order containing all groups of order n, for 1 <n < 15

n Smallest group(s) n Smallest group(s) n Smallest group(s)
1 C 6 D¢ 11 Cn

2 C2 7 C7 12 Sg X S4

3 C3 8 Cz X Hl, H2 13 C13

4 C2 X C4, D4 9 C3 X C9, H3 14 D14

5 Cs 10 Do 15 Cis

Hy = (x,y,z | x> =y> =22 = 1; yz = zy; yxy = x'; zxz = x3) is the semidirect prod-
uct of Cg by its automorphism group. Thus H, is isomorphic to the holomorph of Cg
and |H,| = 32.

Hy = (a,b|ad =1=0%b"'ab=a") is the non-Abelian group of order 27 and ex-
ponent 9 (the exponent of a group G is the smallest k such that g is the identity for
all g € G).

For each value of n, with 1 <n < 15, Table 5 lists the group(s) of smallest order
into which all the groups of order n can be embedded.

Apart from the cases n = 8 and n = 12, the results in Table 5 are quite straightfor-
ward and indeed could be used as introductory exercises in group theory. It might also
be instructive to consider how all groups of order 8 can be embedded in both C; x H|
and H,, and how all groups of order 12 can be embedded in S3 x S4. The results in
Table 5 tell us that, for small values of n at least, the order of S, is generally much greater
than the order of a minimal group in which all groups of order n can be embedded.

However, we would note that the proof that our list is complete forn = 8 andn = 12
poses more of a problem. The full details can be found in [7]. Here, we content ourselves
with an outline of the proof for the more elementary case n = 8. By Sylow’s theorems,
a group G of minimal order in which all groups of order 8 can be embedded must be a fi-
nite 2-group. It is straightforward to show that if |G| = 16 and G has a subgroup isomor-
phicto C; x C; x Gy, then G cannot have a cyclic subgroup of order 8. Since, by inspec-
tion, all groups of order 8 can be embedded in C, x H; and H,, we see that |G| = 32.
To show that C, x H; and H, are the only such groups, we first show that if our group G
(now of order 32) has an Abelian subgroup K of order 16 such that k¥* = 1 forall k € K,
then not all groups of order 8 can be embedded in G. We combine this with the fact
that every proper subgroup of a finite p-group is properly contained in its normalizer to
show that G can be expressed in the form G = (x, x;, ¥), for elements x|, x5, and y, with
o(x1) = o(x2) =2 and o(y) = 8, and such that (y) < (x;,y) = C5(y*) < G. We note
that Cg(x) = {g € G | gx = xg} denotes the centralizer of the element x in a group G.

Four cases then arise. First we have (y) < G and y*' = y. In this case, we can show
that G = C, x H;. In the second case, we have (y) < G and y*' # y. Here we can show
that G = H,. In the remaining two cases, we have, respectively, (y) ﬂ G and y" = y;
and (y) 9 G and y*' # y. In both these cases it turns out that not all groups of order 8
can be embedded in such a group G. Thus C, x H; and H, are the only groups of order
32 in which all groups of order 8 can be embedded.

The proof for the case n = 12 is no longer elementary. It involves two deep results
from finite group theory, namely, Burnside’s theorem, which states that if p and g are
primes, then any group of order p?g” (for a # 0 and b # 0) has a nontrivial normal
subgroup; and Maschke’s theorem, which allows us to decompose Abelian subgroups
in a group that are normalized by other subgroups of coprime order. Thus, our elemen-
tary questions act as signposts pointing to some of the more advanced topics in group
theory.
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TABLE 6: Symmetric group of least order containing all groups of order n or less, for

1<n<I15
Smallest symmetric Smallest symmetric Smallest symmetric

n group n group n group

1 S 1 6 S 5 11 N 11

2 S> 7 Sy 12 St

3 S3 8 Ss 13 S13

4 S4 9 SQ 14 N 13

5 Ss 10 So 15 Si3

An alternative approach for small values of n, up to and including n = 15, is to
consider the use of computer algebra software, which was used in tandem with “pen
and paper” methods in our explorations of groups of small order. Problems such as the
above could provide a stimulating introduction to the GAP computer algebra system
[12] and, in particular, to the Library of Small Groups [2]. A brief example of how we
explored the questions we have posed can be found as an online supplement.

Answers to question 4

Here we return to embeddings in symmetric groups. We can again read off the an-
swers by consulting Table 3. Recall that we are asking, for each n, what is the smallest
symmetric group that contains a copy of each group of order less than or equal to n?

We note that if p is a prime and k > 0, then §,x_; cannot contain a cycle of length
pF. This explains the “jumps” in Table 6 when 7 is a prime power.

Answers to question 5: The functions n* and =,

We come finally to the most difficult, and perhaps the most interesting, of our ques-
tions: for each n, determine the smallest order of a group in which every group of order
less than or equal to n can be embedded and discuss its uniqueness. The following
functions will be useful in this regard. For each n € N, we define n* to be the least
common multiple of {1,2,3,...,n}. For example, 1* = 1; 2* = 2;3* = 6; 4* = 12;
5* = 60; 6* = 60; and 7* = 420. We define r, for each n € N as the product of all the
prime divisors of n!. Thus m; = 1; mp = 2; 13 = 6; m4 = 6; w5 = 30; g = 30; and
w7 = 210.

Alternative definitions of n* and 7, are as follows. Let {p1, ..., p.} be the set of dis-
tinct primes that are less than or equal to n. Fori = 1, ..., m we let k; be maximal such
that plf" <n.Thenn, =p;---pyandn* = p’i‘ .- -p’;';'. If we seek a smallest group, G,
that contains all groups of orders less than or equal to n, then by Lagrange’s theorem,
|G| must be a multiple of n*. However, we shall see that this lower bound for |G| is
unattainable for n > 4.

In order to find an improved lower bound for our minimal groups, we note that if the
p-group P has a cyclic subgroup, Py, of order p* and an elementary Abelian subgroup
of rank k, P, (where an elementary Abelian p-group of rank k is one that is isomorphic
to the direct product of k copies of C},), then [Py N P»| < p and

Py||P pk
[Py [P P — et

|P| = |PP| = >
[Py N P p
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TABLE 7: Examples of groups of least order in which all groups of order n or less can be
embedded, for 1 <n < 11.

n Examples of minimal groups Order
1 C 1

2 G 2

3 Cs, D; 6

4 C4 X D3, S4 24

5 C4 X C5 X D3, C5 X S4, S5 120
6 C4 X C5 X D3, C5 X S4, S5 120
7 C4XC5><C7XD3,C5XC7XS4, C7XS§ 840
8 C5 X C7 X D3 X Hl, C7 X D15 X H1 3,360
9 C5XC7XC9XD3 XHI, C7XC9XD15 XH] 30,240
10 C7 X Cg X D]5 X H], Cg X D|05 X H] 30,240
11 C7 X C9 X C11 X D15 X Hl, Cg X Cll X D105 X H1 332,640

Here AB denotes the product of the subgroups A and B of the group G and is given
by AB ={ab|a € A, b € B}. While AB is evidently a subset of G, we note that AB is
a subgroup of G if and only if AB = BA. From the foregoing it follows, in particular,
that if all groups of order p* can be embedded in the finite group G, then the Sylow
p-subgroups of G will have order at least p?*~!. This allows us to improve on the lower
bound of n* given by Lagrange’s theorem.

Theorem 4. If G is a finite group in which all groups of order n or less can be embed-
ded, then |G| is a multiple of (':%)2

Proof. Letting py, ..., pyand kq, ..., k,, be as above, we see from the foregoing that
|G| is a multiple of p2i~" ... pla—1 = PLA @2 m
p pl pm - P1Pm - T, "

Theorem 4 tells us, for example, that if all groups of order 8 or less can be embedded
in the finite group G, then |G| is amultiple of 2° - 3 - 5 - 7 = 3,360, while if all groups of
order 9 or less can be embedded in G, then |G| is a multiple of 2° - 3% . 5. 7 = 30,240.
Table 7 gives examples of groups of minimal order in which all groups of order n or
less can be embedded for values of nup ton = 11.

These easily verified examples show that the lower bound given by Theorem 4 can
be attained forn = 1, ..., 11. While Table 7 is not exhaustive, it shows that the groups
in question are not unique for 2 < n < 11. Table 7 further shows that the order of S,, is
minimal with respect to the embedding of all groups of ordernorlessforn =1, ..., 5,
whereas this is no longer the case forn =6, ..., 11.

We note that for n = 12, 13, 14, and 15, the bound given by Theorem 4 must be
increased by a factor of 2 [7]. To show this we require not only Sylow’s theorems
and Maschke’s theorem, but also generalizations of Sylow subgroups called Hall sub-
groups, after their discoverer Philip Hall. We further require the determination of all
finite simple groups whose orders are divisors of 27 -33.5.7.11 .13 = 4,324,320.
Thus, commencing with Cayley’s theorem, our questions have led us to the foothills
of one of the great endeavors of modern algebra, namely, the classification of the finite
simple groups.

While we cannot easily show that the bound given by Theorem 4 must be increased
forn =12, ..., 15, we can at least provide an example of a minimal group for each
of these values of n. In fact, the cases n = 13, 14, and 15 are covered by the same
example, so just two distinct groups are required. To construct our examples, we first
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TABLE 8: Minimal order of a group in which all groups of order » or less can be embedded,
forl<n<15

n Minimal order n Minimal order

1 1 9 30,240 =2%.3%.5.7

2 2 10 30 240

3 6=2-3 11 332,640 =25.33.5.7.11
4 24 =723.3 12 665,280 =20.3%.5.7.11

5 120=2%-3.5 13 8,648,640 =20.3%.5.7.11-13
6 120 14 8,648,640

7 840 =12%.3.5.7 15 8,648,640

8 3,360 =2%.3.5.7

specify generators and relations for O, and Ay:

Or=lai,ax | a) = a3 =1, aj = a3, a;'@ma = a3);
Aq = (b1, by, by | b = b3 = b3 = 1, biby = byby, by 'bibs = by, by'byby = biby).

We further let Cy = (c), Cs = (d), and C; = (e). We define an automorphism 6 of the
direct product O, x A4 x Cy x Cs x C7 by specifying the images of these generators:

0 .0 .30 .0 .0 —-1. 0 —1. 40 —-1. 0 —1
ay =ay, ay=ay; by =by; by =0b1; by=0by; " =c ;d =d ;e =e .

To verify that 6 defines an automorphism of Q> x A4 x Cy x Cs x C, it suffices to
show that 0> x A4 x Co x Cs x C7 = (df, d5, b, b}, b}, ¢, d°, €) and that our
‘new’ generators satisfy relations identical to those satisfied by the original generating
set. It is then easy to see that 0 has order 2.

We form the semidirect product Hy = (Qs X A4 X Cy X Cs x C7) x () and note
that |Hy| =2°.3%.5.7 = 60,480. We can then verify that all groups of 12 or less
can be embedded in the group Hy x Cj, while all groups of order 15 or less can be
embedded in Hy x C;; x C3. It is relatively straightforward to produce variations on
our examples to show that these minimal groups are not unique.

Table 8 summarizes our current knowledge with regard to the minimal order of a
group in which all groups of order n can be embedded. Our results indicate that, as n
increases, the order of a minimal group in which all groups of order » or less can be
embedded does not increase as fast as the order of the corresponding minimal sym-
metric group. For example, the table shows that the minimal order of a finite group
in which all groups of order 13 or less can be embedded is 8,648,640, whereas the
minimal order of a symmetric group in which the same groups can be embedded is
|S13] = 13! = 6,227,020,800. We may thus conclude that, while Cayley’s theorem pro-
vides us with an elegant embedding of all groups of order n or less, it does so at the
cost of a certain degree of efficiency.
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Some Taylor Series without Taylor’s Theorem
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The Taylor series for e*, sin(x), and cos(x) are perhaps the most frequently used in all of
mathematics (and give a nice proof of Euler’s formula), but rigorously deriving them
is nontrivial and requires advanced material such as Taylor’s theorem. However, the
following theorem yields a simple derivation of these series using only basic calculus.

Theorem. Let f(x) be any function which is bounded and integrable on any bounded
set. Define a sequence of functions, F,(x), recursively by F,(x) = fg E,_(t)dt with
Fo(x) = f(f f(t)dt. (When in the complex plane, these are defined to be the integrals
over the straight line from O to x.) Then, n1i>nolo F,(x) =0 for all x.

Proof. Since f(x) is bounded on bounded sets, given r > 0, there exists ¢ > 0 such
that | f(x)| < ¢ when |x| < r. Thus, |Fy(x)| = |f(ff(t)dt| < clx|, |[Fi(x)| < M and,
by induction, |F,_;(x)| < C"“ . Clearly, = < o0es to 0 as n goes to 0o, so by the squeeze
theorem, F,(x) also converges to 0 When |x| < r. Since this works for all r, F;,(x) goes
to O for any x in the complex plane. |

Corollary. The Taylor series of €', sinx, and cos x are as follows:

N 0 Xk ) o0 (—l)k 2k+1 o (_l)kx2k
4 Zgﬁ, smx—zm,and Cosngw

Proof. Let f (x) = ¢* and apply the Theorem. We can use induction to ﬁnd F,(x) =

&= o k, This is clear for n = 0. Then observe that F,(x) = €' — Y ) _( & 1mphes
1
Fax)=¢ —1-— ZZ:} ’,i—i =e — Z:(I, % Then, by the theorem,
n k
: x X\

Equivalently, e* = hm Zk 0T =Y oo o Startlng with f(x) = sinx instead, we can

use the same method to prove the series for sinx and cos x. |

Summary. We present an elementary derivation of the Taylor series of e*, sinx, and cos x.
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ley High School in Corvallis, Oregon. He does math compulsively all the time, even when he ought to be doing
homework.
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Triangles in Wonderland
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Charles Lutwidge Dodgson , whose nom de plume was Lewis Carroll, first proposed the
following problem in his work Pillow Problems Thought Out During Wakeful Hours
in 1893 [1]:

Three points are taken at random on an infinite plane. Find the chance of their
being the vertices of an obtuse-angled triangle.

He argued that the probability of an obtuse triangle was — iz Nl 63.9%. However,
Dodgson’s original question is ill-posed, since it is impossible to generate even one ran-
dom point on the plane where all points are equally likely. To be more precise, there is
no translationally invariant probability measure on Euclidean space. The problem that
Dodgson actually solved is a conditional probability problem, where we are first given
a line segment AB that is the longest side of the triangle and then select the third point
C at random. This limits the possible location of the third point to a bounded region.
Guy modified Dodgson’s problem by computing the probability of an obtuse triangle
assuming that we first fix AB so that it is the second longest side of the triangle and all
possible choices for the third vertex are equally likely. (Again, this assumption limits
the possible location of the third point C to a bounded region.) The case in which AB is
first fixed to be the shortest side of the triangle leads to an unbounded region for the pos-
sible locations of point C. In this case, it is not possible to make all possible locations
of C equally likely. In his paper, Guy overcame this hurdle by restricting the location of
the third point to a certain aesthetically pleasing bounded set (an ellipse), and then he
computed the probability that AABC is obtuse. To summarize, Dodgson’s (and Guy’s)
calculations involve conditional probability, where one is first given information about
the relative size of one edge of the triangle.

Other authors have considered Dodgson’s question, but the manners in which they
generate random triangles are different from Dodgson’s approach. Hall [4] generated
three random points inside the unit disk and computed the likelihood that they form
an obtuse triangle. He also considered the case for higher dimensional disks. Of
course, the probability of obtaining an obtuse triangle in this set up is different from
Dodgson’s, as the points are chosen differently. Eisenberg and Sullivan [2] obtain three
random points in the plane by generating the coordinates of each point from a standard
normal distribution. Unlike Dodgson’s case, this allows for the possibility of any point
in the plane, but then not all points are equally likely. They also considered the problem
in higher dimensions by choosing three random points in n-dimensional Euclidean
space by using a standard normal distribution to generate each coordinate. In his paper,
Portnoy [6] suggests several natural ways to generate random triangles. One such
scheme involves fixing one side of the triangle of a certain length and then generating

Math. Mag. 91 (2018) 113-120. doi:10.1080/0025570X.2017.1419769 © Mathematical Association of America
MSC: Primary 51M04, Secondary 60C05
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two random angles from a uniform distribution, while restricting the sum of these
angles to be less than 7. Strang [7] has an interesting lecture, where random triangles
are generated three different ways leading to three different answers to the problem.
Because there are numerous ways to reasonably construct random triangles, then the
relative percentage of obtuse triangles can be considered in any of these situations.

In this paper, unlike those to which we refer above, we specifically seek to generalize
Dodgson’s approach in the two-dimensional case to higher dimensions. Namely, we as-
sume that we are given a specific line segment AB that is the longest side of a triangle in
n-dimensional space, and that all remaining possible locations for the third point C are
equally likely. After reproducing Dodgson’s argument in dimension two, we consider
the problem in dimension three (using techniques found in a typical sophomore-level
multivariable calculus class). Surprisingly, in contrast to the planar case, acute triangles
become more likely than obtuse ones in three dimensions. This remarkable turnabout
prompts us to analyze the same problem in any dimension n. The three-dimensional
computation sets the stage for computing the probability in dimension n using hyper-
spherical coordinates. We prove that as the dimension increases, the likelihood of ob-
tuse triangles approaches zero. Therefore, we make the assertion that there are more
acute triangles than obtuse ones in any Euclidean space with dimension greater than 2.

The planar case

We reproduce Dodgson’s argument in the plane. Without loss of generality, assume
that the longest side of the triangle AABC is the line segment from A = —%, 0) to
B = (2, 0) in the plane, where D > 0 is any real number. Therefore, the third point C
must lie somewhere in the eye-shaped region R formed by the intersection of two disks

with radius D centered at A and B, respectively (see Figure 1).

A

Figure 1 ForA = (—%, 0)and B = (%, 0), a third point C must be chosen in the intersec-
tion R of the disks so that AB is the longest side of AABC. Choosing a third point C on the
inner circle S produces a right triangle AABC. When the third point C is inside the inner
circle S, then the triangle AABC is obtuse. However, when C is a point outside the inner
circle S (but inside the intersection R), then AABC is acute.
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Under the assumption that all points C in the region R are equally likely, one simply
needs to find the area of the region that corresponds to all possible obtuse triangles
and compute the ratio of this area to the area of R. This then will be the probability of
an obtuse triangle AABC if the third point C is chosen randomly, given that AB is the
longest side.

A nice precalculus exercise using the Pythagorean theorem shows that the set of
all points C = (x, y) that make a right triangle AABC with AB as hypotenuse is on
the circle given by x* + y? = (2)? (the inner circle in Figure 1). Moreover, by the law
of cosines, all points C inside this circle create obtuse triangles AABC with longest
side AB, while all points C chosen outside of this circle and inside the region R form
acute triangles AABC with AB as the longest side. The area of the inner circle shown
in Figure 1 is ;D?x.

We now compute the area of the region R. Since the region R is symmetric about
the y-axis, it suffices to compute the area to the right of the y-axis. If we translate the
disk centered at A so that it is centered at the origin, the portion of R to the right of the
y-axis becomes the shaded region in Figure 2 whose area can be easily computed using
polar coordinates. Note that x = % becomes r = % sec 0 in polar coordinates. So, the
area of the region R is

P 2 3
2/ / rdrdo = D? —7r—£ .
7% %sec& 3 2

Taking the quotient of the areas of the inner circle in Figure 1 and the area of region
R, the probability of an obtuse triangle is

T _ 37
gn_%?_sn—éﬁ

~ (0.6393825609,

implying that, in the plane, there are more obtuse than acute triangles.

Exercise. Reproduce this argument in the case when AB is the second longest side of
the triangle. (This was done in [3].)

Figure 2 Half of the region R shifted to right. The area can be computed using polar
coordinates.
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The three-dimensional case

The situation is similar in higher dimensions. In order to make the n-dimensional case
clearer, we handle the case in R? separately before launching into higher dimensions.
As before, we assume that the longest side of the triangle AABC is positioned as the
line segment from A = (—%, 0,0) to B = (2,0, 0). Then the allowable triangles are
those whose third point C is in the intersection M of the two balls of radius D having
centers A and B. See Figure 3.

One can again show via the Pythagorean theorem that the choices of C = (x, y, z)
that form a right triangle AABC having longest side AB are on the sphere S given by
Py +P = (%)2 and depicted as the dark sphere in Figure 3. Analogously to the
two-dimensional case, obtuse triangles in R? are formed by choosing the third point C
of AABC inside the sphere S. Observe that S has volume V = $7(2)’ = {7 D>,

Next, we compute the volume of the solid M associated with the allowable triangles.
Here in three dimensions, the boundary of M is the union of two symmetric spherical
caps. (A spherical cap is the smaller region bounded by a sphere and an intersecting
plane.) Similar to the planar case, we shift the center of the left ball from Figure 3 to the
origin in order to make the computation of the volume of M easier. See Figure 4. The
volume inside the cap indicated in Figure 4, which is half the volume of M, is given by
the spherical integral

2 % D 5
2 3
f [ / p singdpdp dd = —D’r.
0 0 Jy2 24

2cos¢

-D

w]

[
(Nlle}
Sllw

]

(8]

A

Figure 3 This figure depicts the intersection M of the balls of radius D centered at A and
B. The line segment AB is bold and in the center of the figure. In order for AB to be the
longest length of the triangle, C must be chosen in the intersection of these two balls. If C
is chosen outside the inner sphere S, then AABC is an acute triangle. If C is chosen inside
S, then the triangle is obtuse.
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Figure 4 The spherical cap is formed by intersecting the plane y = 2 and the sphere of
radius D centered at the origin. It has half the volume of M.

So the volume associated with obtuse triangles divided by the volume associated
with all allowable triangles is

1 3
EJTD —2

103, ~ §°
D’ 5
We conclude that, in three dimensions, acute triangles are more abundant than obtuse

triangles, contrasting with the two-dimensional case.

Exercise. Compute the probability of an obtuse triangle in three dimensions, given
that AB is the second longest side.

The n-dimensional case

As before, we can show that if the longest side of the triangle AABC is positioned as
the line segment from A = (—%, 0,...,00to B=(2,0,...,0), then the third point
C must be inside the intersection of the hyperspheres (x; — 2)% +x3 + - - + x2 = D?
and (x; + 2)? +x3 + - -+ +x2 = D*. Once again, the Pythagorean theorem shows that
the set of points C = (x1, . .., x,) that form a right triangle AABC with hypotenuse AB
are on the hypersphere H given by x% + x% 4+ 4+ xﬁ = DTZ. As before, points C inside
H form obtuse triangles, while points C outside H form acute triangles.

Next, we will use hyperspherical coordinates (see [8]), which generalize spherical

coordinates to any dimension n. For (x|, ..., x,) € R", set p =,/ Zle xl.2 and set

X1 = pcos¢;
X = p sin ¢ cos ¢
X3 = p sin ¢ sin ¢, cos ¢3
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Xp—1 = P sin d)l sin ¢2 -+ -sin ¢)172 Cos d)nfl

Xy = psing; sing, - --sing, sing,_1,

where 0 < ¢,—1 < 2w and 0 < ¢; < 7 for1 < j < n — 2. Computing the determinant
of the Jacobian transforms the volume element

dxy dxy -+ dx, = p"~ sin" (1) sin" (o) - - - sin(@n_2)dp dpy -+ dgp_1.

Armed with this change of coordinates, we can compute the volumes of the hy-
persphere H, which corresponds to obtuse triangles, and of the larger region, which
corresponds to all allowable triangles and consists of the interiors of two symmetric
hyperspherical caps. The volume of H is

2w pw T g
/ / f / L i () sin" () - - sin(u_2)dp oy - -+ debr_s dpus
0 0 0 0

2 Dn T T -
-— ( | sin“(qsl)dcm)( | sin"3<¢2>d¢2)---( | sin(¢n_2)d¢n_2).
n2 0 0 0

The volume of the (shifted) hyperspherical cap (which is half of the required volume)
is below. Since x; = % transforms, as before, to p = we obtain

_D
2cos ¢y’

2 b4 4 % D
/ / - / / / p”_l sinn_z((bl) Sinn_3(¢2) cee
o Jo 0 Jo JZsecq

sin(g,_2)dp dpy dgy - - - dpy_> dep—y

_2n ( / Sin”_3(¢>2)d¢2> ( f sin<¢n_2)d¢n_z)
0 0
% D
« [ / / oL sin™2($))dp d@}
0 % sec ¢y
=27 ( / sin”—3(¢z)d¢2> ( / Sin(¢n2)d¢n2>
0 0
x [ / = (1 1 sec"(@)) sin“((m)dqsl} .
0 n 2"

Taking the ratio of the volumes and simplifying (and remembering to double the de-
nominator), we obtain

L (7 sin" () deby)
2/0% (1 _ 2]_n Sec"(¢1)) Sinniz((,bl )d(Pl

The integral ff sec”(¢1) sin"~2(¢y)d¢, is equal to “f%;l via straightforward u-

substitution where u = tan(¢; ). The remaining integrals are powers of sine for which

we turn to the familiar recursive formula
b b
n—1 e
+ ( ) / sin" 2 x dx.
a n a

Table 1 shows the ratio of obtuse triangles to allowable triangles for 2 < n < 10.

b 1
/ sin"(x) dx = ——sin" ! xcosx
n
a
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TABLE 1: Ratio of obtuse triangles in dimension 7.

Dimension Ratio
3 ~
2 s A 0.6393825609
4
3 — =0.40
10
4 T 02468696972
327 — 3643
8
5 — a2 0.1509433962
53
15
6 T A 0.09165800095
640 — 86443
1
7 16 - 0.05536332180
289
1057
8 ~ 0.03329943276
179207 — 26784+/3
128
9 —— ~0.01995945735
6413
1
10 057 ~ 0.01192904992

716807 — 114048+/3

We next show that the ratio
& (J5 sin"2(¢y) depy)
2 [0 (1= 55 sect(¢)) sin" > (¢1)d by

tends to zero as n — oo. To see this, simply note that

L (f sin" () dpy)
2 Ji (1= 35 sec”(¢1)) sin" (¢ )depy

1
< bikd . (1)
2 [y (cos(¢r) — 3 sec(91) sin"(d1)d¢hy

The right-hand side of inequality (1) equals
7(n—1)
2( V3 yr=1 ’

which tends to zero as n — oo. By the squeeze theorem, we deduce that the ratio
of obtuse triangles to allowable triangles tends to zero as the dimension increases to
infinity.

Final remarks, open problems, and projects

We have produced a recursive formula to compute the ratio of obtuse triangles to all
allowable triangles in any dimension n, where it is assumed that we are first given
the longest side AB. This generalizes Dodgson’s computation in two dimensions. We
have also shown that as the dimension increases, the ratio of obtuse triangles to all
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allowable triangles tends to zero. As soon as we move to three dimensions, there is a
minority of obtuse triangles, which is very unlike the planar case. In essence, we have
that obtuse triangles in large dimensional Euclidean space are a rarity.

One could take this work forward in several directions. In [5], the question was
solved for three random points forming a spherical triangle on the n-dimensional
sphere. (Note that since the sphere is compact, then points can be generated randomly
on the sphere with all points being equally likely.) A similar computation could be
done on other compact surfaces and manifolds (e.g., the torus). For noncompact sur-
faces (e.g., the hyperbolic disk), an approach similar to the one taken in this paper could
be studied. Namely, fix a geodesic segment AB on an n-dimensional manifold having
fixed length and consider all points C on the manifold that form a geodesic triangle
AABC with longest side AB. What is the probability that AABC is an obtuse triangle?
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Itis well known that a median of a triangle divides it into two triangles of equal area, and
that the three medians meet at the centroid. Hence, every triangle has at least one point
through which pass three area-bisecting lines. Are there always others? The answer is
yes: In 1972, J. A. Dunn and J. E. Pretty proved in [10] that the area-bisecting lines of
a triangle remain tangent to a three-cusped closed curve, their envelope; see Figure 1.
The subject remained dormant for almost 30 years until it was tackled again by an
internet newsgroup [14]. They named the bisecting envelope a deltoid, and it has many
striking properties, which we now list as (AB1)—(ABG6). The label (ABn) refers to the
nth property of the (area-bisecting) deltoid, a known object that is included here only
for motivational purpose. It is different from the perimeter-bisecting deltoid, which is
introduced in this article, and the proof of whose properties listed as (PB1)-(PB10) will
be the main focus of this article. Both of these deltoids are different from the classical
deltoid or the hypocycloid with three cusps that was discovered by Steiner in 1856. For
more on Steiner’s deltoid, see [13], [17], [19] or [20].

A

B - C

Figure 1 The area-bisecting deltoid of a triangle. The dotted lines bisect the area and are
tangent to the deltoid.

Here are the promised properties of the area-bisecting deltoid.

(AB1) A line bisects the area of the triangle precisely when it is tangent to the
deltoid. Of course, this is the definition of an envelope.

(AB2) The vertices of the deltoid are the midpoints of the medians; see [2].

(AB3) The sides of the deltoid are arcs of hyperbolas having the sides of the triangle
as their asymptotes; see [10].
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Figure 2 Triangle AABC together with its escribed circles, their tangency points, and the
cevians concurrent at the Nagel point v.

(AB4) Each interior point of the deltoid is on three area-bisecting lines; each point
on the boundary, except for the vertices, is on two; and every other point is
on one; see [10].

(ABS5) The area of the deltoid equals the area of the triangle times the constant
2.1In2— 1 =0.019860...; see [14].

(AB6) The deltoid is also the locus of the midpoint of the area-bisecting lines; see
[2] or [7].

For a triangle AABC, a = BC, b = AC and ¢ = AB are the side lengths, and s =
(a+ b+ c)/2 is the semiperimeter. The escribed circles, as shown in Figure 2, are
those tangent to one side and to the extensions of the remaining two sides; see [9]. Let
A’, B, C’ be their contact points with the sides. The following are known properties of
this setting; see [1], [11] or [12]:

* the cevians AA’, BB, CC’ are concurrent at the Nagel point v;

* each of the cevians AA’, BB', CC' is a perimeter bisector; in particular, A’C = s — b
and A'B = s — c. These three perimeter-bisecting cevians of a triangle are called
splitters, see [11, Chapter 1];

* if A}, Ay, By, B;, Cy, C; are the contact points of the escribed circles with the exten-
sions of the sides, as shown in Figure 2, then AA; = AA, = BBy = BB, = CC| =
CC2 = S.

This notation will be kept throughout the article. A consequence of the first two proper-
ties is that the splitters of any triangle meet at the Nagel point, suggesting that the the-
ory of area-bisecting lines in a triangle should have an analogous theory of perimeter-
bisecting lines. The subject of the current article is to show that this is the case.

In Figure 3, we show a triangle with a large number of equally spaced perimeter-
bisecting lines. It is evident that the perimeter-bisecting lines admit a deltoid-like en-
velope similar to the one for area-bisecting lines. Figure 4 shows the same triangle
and the same deltoid. There is an essential difference between this deltoid and the one
formed by the area-bisecting lines. Consider, for example, the side A,C,,. It consists of
two parts: from A, to A, is a line segment and from A, to C, is a segment of a parabola.



VOL. 91, NO. 2, APRIL 2018

123

Y- =N

AN

B s—t N C

Figure 3 The perimeter-bisecting deltoid of a triangle. For a generic perimeter-bisecting

line MN, with M on AB and N on BC, if BM =t then BN = s —t.

Throughout the article, the perimeter-bisecting deltoid is simply referred to as “the
deltoid” and denoted by D. The following is the list of interesting properties of D
that we will be proving in this article. Most properties can be visualized by looking at

Figure 4.

(PB1) The envelope of the perimeter-bisecting lines of a triangle is a six-sided del-

toid whose sides alternate between line segments and segments of parabolas.
In Figure 4, the line segments are ApA., B,B. and C,Cp, and the parabolic
segments are A.C,, B.Cp and A B,. Although the deltoid consists of segments
of parabolas alternating with line segments, its “sides” behave differently ac-
cording to the side lengths of the triangle: that is, if triangle AABC has long
side BC and short side AB, the deltoid has sides A,B,, that is only a segment
of a parabola; B,C, that is a smooth curve consisting of a line segment B,B,,
an arc of parabola B.C;, and another line segment C,C,; and finally, the last
side is a parabola segment C,A. connected smoothly to a line segment A Ap.

(PB2) The three line segments lie along the splitters and their positions can be de-

scribed precisely. For example, the position of A, and A, on AA’ is given by
the relations

AA  CA s—b
_—= = an

AA BA  s—c
Ay A’ CA b AA BA ¢

Property (PB2') at the end of Section 2 provides an alternative way of locat-
ing the same points.

B 4 N C

Figure 4 The deltoid labeled as D = A,B,B.C,C,A.. Here BC > AC > AB. Label A, is
given to the vertex on splitter AA’ that is connected to a vertex on splitter BB'.
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(PB3) The sides of the deltoid make cusps at points A,, B,, C, that are closer to

A, B, C than they are to v, and they connect smoothly at points A, B., Cp
that are closer to v than they are to A, B, C.

(PB4) The parabolas extending the parabolic segments have the angle bisectors as

their symmetry axes. They pass through the contact points of the escribed
circles with the extensions of the sides, and they are tangent to these exten-
sions at these points; see Figure 5.

Figure 5 Property (PB4): The parabola extending arc AC,is tangent to the sides AB and
BC at the contact points with the escribed circle.

(PB5)

(PB6)

(PB7)

(PBS)

(PB9)

(PB10)

The arc of parabola that opens toward the longest side of the triangle connects
smoothly at both endpoints. The arc of parabola corresponding to the shortest
side makes cusps at both endpoints. The third parabolic arc connects the remain-
ing two points, hence it has both smooth and cusp connections at its endpoints;
see Figure 4.

The original triangle being isosceles is equivalent to one of the three line seg-
ment sides of the deltoid collapsing to a point. If two of these line segment sides
collapse to a point, then so does the third. This is the case when the triangle is
equilateral.

In each direction, there is a unique perimeter-bisecting line MN. Segment MN
divides the triangle into a smaller triangle and a quadrilateral. The deltoid is
the locus described by the point P on MN that divides it in a ratio inversely
proportional to the ratio of the other two sides of the smaller triangle; in Figure 4,
we have % = g%. Segments ApA., B,B. and C,C;, complete the contour of D.
Each point in the interior of the deltoid lies on exactly three perimeter-bisecting
lines; each point on the boundary, except for the three cuspoidal vertices, lies
on two; and every other point lies on just one.

With the usual notation for sides, angles, and the semiperimeter of triangle
AABC, the area of its deltoid is given by the formula

1
o [(s—a)’sinA + (s — b)’sinB + (s — ¢)*sin C].
S

Unlike the deltoid of the area-bisecting lines, the fraction of the total area en-
closed by D is not a constant. We have

1 Area(D) 1
—_— < — < =,
12 = Area(ABC) 3
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where equality with the lower bound occurs if and only if the triangle is equi-
lateral. The upper bound is the best possible for proper triangles; it is attained
only at degenerated triangles.

The first section contains the basic geometric and analytic properties of the parabola
that will be used in the subsequent sections. The geometric properties (PB1)—(PB8) of
the perimeter-bisecting deltoid D are proved in the second section. The remaining two
sections are respectively devoted to proving (PB9) and (PB10).

Recent developments The area-bisecting deltoid has been employed in [5] to give a
simple proof to a classical theorem of convex geometry, while the perimeter-bisecting
deltoid was found useful in [4] in giving a more precise answer to another classical
theorem of the same subject. Article [6] solves a related open question dating back to
1949. Both deltoids were extended to area and perimeter deltoids of general convex
polygons in [7]. A new reflection of the general theory of the quadratic equation into
geometry that involves the simultaneous bisection of the area and the perimeter is given
in [3]. All triangular area and perimeter bisecting deltoids are classified in [8].

Single angle envelopes

When studying the envelope of the perimeter-bisecting lines of a triangle AABC, we
imagine a generic such line segment MN, with its endpoints traveling along the perime-
ter; see first Figure 4 and then Figure 6. The journey is divided into three portions by
three bumps that occur when one of M, N is a vertex of the given triangle. During each
of the three portions, M and N travel on either side of a fixed angle of the triangle. Our
problem is then reduced to studying the envelope of segments MN when M, N travel
along the sides of a fixed angle with vertex at O and such that the sum OM + ON = o is
constant. We call this the single angle envelope £(Z0, o). Since envelopes of congru-
ent angles are congruent, we denote by £(8, o) the envelope of any angle of measure
0 and sumo.

The envelope as a geometric locus Let M'N’ be another instance of the same variable
segment MN considered above (see Figure 7), and let P be the point of intersection of
the two segments. Menelaus’ Theorem (see [1] or [12]) applied to triangle AOMN and

O(B) o-t N C

Figure 6 The single angle envelope £(Z£0, o) of segments MN with OM + ON =o. A
generic such segment is parametrized by r = OM, with0 <t < 0. Wheno = sand Z0 =
ZB, the triangle AABC fits inside the angle.
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transversal M’ PN’ yields
PM OM' NN’

PN MM’ ON'

The condition 0 = OM + ON = OM’ + ON’ implies MM’ = NN'. The above relation
is then equivalent to

PM _ ON'
PN  OM'

(0) N' N
Figure 7 Triangle AOMN with transversal M'PN’ and angle bisector OQ.

When M’, N’ are close to M, N we have ON’ =~ ON and OM’ ~ OM. Then the enve-
lope of all segments MN with OM + ON = o is (approximated by, hence it coincides
with) the locus of points P € MN, with

PM _ ON

PN OM’
In other words, a variable point P of the envelope determines on the tangent MN two
segments, PM and PN, that are inversely proportional to the segments OM and ON
determined by the tangent on the sides of the angle.

If Q is the intersection of MN with the bisector of angle ZO, then the angle bisector
theorem makes OM/QN = OM/ON so, by (1), P and Q will be equidistant from the
midpoint of MN, or isotomic points of MN. For more on isotomic points, see [1] or the
last part of Section 2.

€]

The equation of the envelope We set up a coordinate system centered at O such that
the y-axis is a symmetry axis of the given angle of measure 2«; see Figure 8 which
represents a rotation about O of the picture in Figure 6. If i, j are the usual unit vectors
of the axes and # € [0, o] is a parameter, then

O—]l>/1 = t(—sinai 4 cos «j) and OW = (o — t)(sinai 4+ cos «j).

The point P given by (1) has position vector oP = 1 - A)O—A)l + )»077, where
A =PM/MN = ON/(OM + ON) = (0 — t)/o. Consequently,

2

o . (o o .
oP = —(—sinai 4+ cos«j) + (sin i + cos &)
o

o 217 X
= (o —2t)sinai+ (o — 2t + — ) cos j.
o

Then, the parameterization of the curve, fort € [0, o], is
{x = (0 —2t)sina,

y= (0—2t+27t2)cosa. 2)
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O(B)

Figure 8 The graph of the angle envelope £(2a, o). When ¢ = s and 4B = Z0 = 2a,
the triangle AABC fits inside the angle as shown.

Eliminating ¢t /o between x and y yields the Cartesian equation of the curve

cos o 2 O Coso

= , forxe[—osina,osina]. 3
20 sin’ o 2 ©)
This is an arc of a parabola and P is the point of contact of the tangent line with the
parabola. Taking t = 0, o shows that the parabola is tangent to the sides of the angle.
The particular envelope of the angle whose sides are the coordinate axes and o = 1
was considered in [20]; see also [16] and [18].

Describing the deltoid

By the previous section, the envelope of the perimeter-bisecting lines of a triangle
AABC is given by the union of three arcs of parabolas. These arcs are cut from the
single angle envelopes £(/A, s), E(£B, s), and £(LC, s) by the splitters AA’, BB', and
CC'. (PB1) is now clear.

Our next goal is to locate the endpoints of the three arcs on the splitters. We keep the
setting of the last section and refer to Figure 4, with MN a variable perimeter-bisecting
line, and P is the point on MN that generates the envelope. If M approaches A from the
direction of C, then N approaches A’ from the direction of B. By the previous section,
the point P of envelope £(ZC, s) approaches one end of its arc, the point A, on AA’.
The first equation in (PB2) follows from (1); the second is similar. Since the tangents
at the endpoints of the parabolic arcs meet at v, the arcs form cusps with the segments
from v to their endpoints. (PB3) follows from here.

The parabola of Figures 6 and 8 is symmetric with respect to the bisector of angle
Z0 = /B. The distances from the vertex of the angle to the points, where it touches
the angle are both equal to s; this corresponds to the extreme values t = 0 and ¢t =
s of the parameter . By the third bullet property in the Introduction, the two points
are the points where the escribed circle touches the sides of the angle. This finishes
(PB4).

(PBS) is a rephrase of (PB3) that is independent of picture. Indeed, by (PB2) the
inequality A,A < A A is equivalent to b > ¢, with two similar equivalences. Thus, the
order in which the points A, and A, are located on Av depends on the inequalities
between the sides adjacent to A. The correspondence of equalities and transitivity of
the two equivalent equality relations prove (PB6).
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Figure 9 The situation in Property (PB2).

(PB7) is a consequence of (1). For example, if P is as shown on Figure 4 then
PM/PN = BN/BM, and if P is either of A, or A., then MN = AA’ and the ratio PM/PN
follows from the two equations in (PB2).

The proof of (PB8) is based on a case-by-case discussion depending on the regions,
arcs, and points determined by the deltoid and the splitters. One important observa-
tion is that the perimeter-bisecting lines through a point are precisely the tangents from
the point to the perimeter of the deltoid. For example, the interior of the deltoid is a
union of interiors of three parabolic triangles one of which is AvA_.C, (see Figure 4),
that have two straight sides and one side that is a segment of a parabola, three line
segments one of which is vA., and one point, the Nagel point v. From each interior
point of AvA.C,, one can draw two tangents to the arc A.C, and one tangent to ex-
actly one of the other two parabolic arcs, depending on which half-plane determined
by BB’ the point belongs to. From points on vA. one can draw three tangents to D:
AA’ and one other tangent to each of A,B, and A.C,. Since AA’, BB' and CC’ are the
only tangents from v to the deltoid, we deduce that the interior points of D are in-
tersections of three perimeter bisecting lines. The rest of (PB8) is proved in a similar
manner.

Recall that the property (PB2) locates the vertices of the deltoid on the splitters and
involves the contacts of the escribed circles with the sides. The last part of the section is
devoted to an alternative way (PB2’) of locating the same points. It involves the contacts
of the incircle with the sides.

For simplicity, we only locate the points A, and A. on the splitter AA". Let A”
be the point where the inscribed circle touches the side BC; see Figure 9. Recall
that AA’ being a splitter means that A’'B = s — ¢ and A'C = s — b. It is well-known
(see [1, Theorem 160]) that A’ and A” are isotomic points of the side BC, and
A"B=s5—b, A”C = s — c. The point v is still the Nagel point. The following prop-
erty of the deltoid says that the configuration of points A, Ap, A., v is a scaling of
the configuration of points B, A”, A’, C. In particular, A, and A, are isotomic points of
segment Av.

(PB2’) The vertices A, and A, of the deltoid are located on the splitter AA’ so that
they divide the segment Av in the same ratios as the points A” and A" divide
the side BC. Specifically, we have

AA  Av _s—b AC A'B

Ay AA s—c AB A'C



VOL. 91, NO. 2, APRIL 2018 129

To prove this, we begin by making derived proportions in the first relation in (PB2)
and deduce that

AbA_ ApA _ s—b _s—b
AA AA +AA (s—=b)+b s

“4)

Van Aubel’s relation (see [1, Section 342]) says that the ratio each of three concurrent
cevians is divided by their intersection point is equal to the sum of the ratios the other
two cevians divide their opposite sides. In particular, the Nagel point v divides AA’ in
ratio
VA BA CA s—c+s—b a

VA’ _B’C+C/B_s—a s—a s—a

Equivalently,

AA" T VA 4+ vA - (s—a)+a

)

VA VA a a
K

Division of the equations of the first and last terms in (4) and (5) yields

ApA  s—Db
vA  a
which by derived proportions is equivalent to
ApA  ApA s—b  s—b

Apy  Av —ApA :a—(s—b)_s—c'

AA
Acv

Similarly, we have = 1= The last two equalities of (PB2’) are clear.

Area of the deltoid

In order to deduce the expression (PB9) for the area of the deltoid, we first look at the
area of the parabolic triangle AvA.C, (see Figure 4), whose one side is the arc A.C,,. We
arrange triangle AABC to fit angle ZO as shown in Figure 8, with vertex B in place of
O and points M on AB and N on BC. Then, « = ZB/2. When the value of the parameter
tisc =AB,then M =A,N =A’,and P = A., where A" and A, are the same as before;
we record this in Figure 10. The Cartesian coordinates of any point P in the plane are

Figure 10 Triangle AABC with a part of its deltoid, the parabolic triangle AvA.C,.
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denoted by the pair (xp, yp). By (2), the point A, has coordinates

x4, = (s —2c¢)sina,

Ya, = (s —2c+ %) cos . ©)
Similarly, whent = s —a, M = C', N = C, and P = C, has coordinates

xc, = (2a — s)sina,

yc, = (s—2a—|— %) cosa. @)

On the other hand, differentiating with respect to x in equation (3) gives the slope mp
of the parabola at its variable point P = P(x, y),

dy cos o
mp=-—=——. 8
P7dax T ssin’a ®
In particular, by (6) and (7),
s —2c
my, = - coto,
s
2q —
me, = a-s - cota. )]
s

From here, one can deduce the equations of the tangent lines to the parabola at A,
and C,

cota

y= -[(s —2¢)x + 2c(s — ¢) sina]

s
coto

y= - [2a — s)x + 2a(s — a) sin ] (10)

and their intersection point v has coordinates

x, = (a —c)sina,
{yv = (a—l—c—%)cosa. (i
The simple observation that
x, = 2250 (12)

allows the area computation for AvA.C, by evaluation rather than integration. Indeed,
we define

Ay=x,—x4, =(@a+c—s)sina (13)
and let v’ be the point on arc A?C/'a such that x,, = x,,. Substituting x = x, in (3) yields

2 2 2
a®—2ac+c +s
Yy = 3 -cosa. (14)
s

We can now deduce the area of the parabolic triangle AvA.C,.
Area(AvA.C,) = Area(belowA?éa) — Area(belowA.v) — Area(below vC,). (15)

We compute Area(belowA/c\Cl‘a) by Simpson’s Rule, see [15, Section 8.7], which is exact
for any parabola. The remaining terms are areas of trapezoids. Putting it together, we
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get

~ Ay Ay Ay
Area(AVA.C,) = ?[)’AC +4yy +ye,] — TLYAC +nl—= 7[)’11 +yc,]
Ay
= ?[_YAC + 8yw —ye, — oyl (16)
Using (6), (7), (11), and (14), this simplifies to

~ —5)° b3
Area(AVA.C,) = m sino cosa = (s )
3s 6s

sin B. (17)

Similar formulae are deduced for the areas of AvA,B, and AvB.C,. Addition of all
three yields the formula for the area of the deltoid D given in (PB9):

(s —a)’sinA + (s — b)*sinB + (s — ¢)*sinC

Area(D) = ;
S

(18)

The range of the area ratio

We employed formula (18) to compute the ratio Area(D)/Area(ABC) for various tri-
angles AABC. Our findings are included in the following table.

AABC type 4A?er§?fgé)
equilateral & ~.083333
isosceles 5-5-6 2~ 088333
isosceles right % ~ .102537
3-4-5 right 25 ~ 109259
isosceles 13-13-24 % ~ 147771
5-12-13 right 28~ 154644

In particular, unlike the area-bisecting deltoid, the perimeter-bisecting deltoid of a tri-
angle does not enclose a fixed fraction of the whole area. If one leg of a right triangle
AABC is constant, then

Area(D) 1

im ———=—-.
s—oo Area(ABC) 3
If triangle AABC is assumed isosceles type 1-1-2¢, then

Area(D) 1 . Area(D) 1
m-—- = - and Iim—— = —.
t—1 Area(ABC) 6 t—0 Area(ABC) 3
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Based on the above computations, it would seem that for any triangle AABC, we
have

1 Area(D) 1
—_—<—_— < -,
12 = Area(ABC) 3
with equality if and only if the triangle is equilateral.
Indeed, this is actually not hard to prove. We multiply both numerator and denom-

inator of equation (18) by abc and factor out the area of the triangle. The resulting
identity is

(19)

a(s —a)> + b(s — b +c(s — ¢)}

Area(D) = Area(ABC) - (20)
3abcs
Substituting x = s —a,y = s — b, and 7 = s — ¢ here yields the area ratio
AreaD) P+ +Y’ 0+ +20+y) 1)

Area(ABC) ~ 30+ 2)x+2)x+ ) +y+2)

The fraction is symmetric in x,y, z and subject to the conditions x,y,z > 0. The
maximum and minimum can be computed using standard techniques from multivari-
able calculus. Here is a more elegant proof using the theory of symmetric functions.
The right side in (21) expressed in terms of the elementary symmetric polynomials
e1 =x+y+z e =xy+xz+yz, and e3 = xyzis

1 263

= (22)

3 3ei(erex —e3)
The second inequality in (19) is then equivalent to eje; — ez > 0, which is true due
to e3 being one of the terms in the expansion of eje,. The first inequality in (19) is
263 <1

m =7 which is the same as

equivalent to

8¢5 + 3ejes < 3ejer. (23)
) . X+y+z S
The means inequality > +— 7 implies
3 X + ¥ + Z
963 <ee (24)

and the sum of squares inequality (x — y)* + (y — z)* + (z — x)* > 0 implies
ey < ef. (25)

Multiplying (24) by %el and (25) by %ez and adding the results yields (23). Both the
means and the sum of squares inequalities give equality precisely when x = y = z, that
is when the triangle is equilateral, and so does (23). This finishes the proof of (PB10).
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The Reciprocal Fibonacci Function
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In the late 1960s, NASA Langley was interested in solving the communication prob-
lem between mission control and spacecraft during reentry. This required designing an
antenna which could communicate a radio signal through a plasma of ionized air . The
mathematical model for the antenna’s conductance was expressed as a series of Bessel
functions. For this problem, an efficient summation algorithm uses a recurrence rela-
tion and an identity involving Bessel functions to speed up the numerical calculations
[1, p. 385]. The analysis in this paper has a similar goal of accelerated convergence,
but for a different series: the power series whose coefficients are the reciprocal of the
Fibonacci numbers, which we’ll call the reciprocal Fibonacci function.

Using properties of the reciprocal Fibonacci function, two other series representa-
tions for the reciprocal Fibonacci function are found. These representations converge
more quickly than the original series. As in the treatment of the series used in NASA’s
communication problem, the new series representations demand less computational ef-
fort than the original series. A numerical comparison of the rates of convergence for
each series representation quantifies the gains in computational effort.

Reciprocal Fibonacci function and properties

The Fibonacci sequence { f;} is defined by the recursion equation f, 1, = f,+1 + fu, for
n=1,2,3,...and starting values f; = f, = 1. A known result needed for the subse-
quent analysis is the Euler—Binet formula, which expresses the Fibonacci numbers in
closed form; specifically,

o' — P C1+V5 . 1-45
Twhere¢_ > and ¢ = i

The number ¢ is referred to as the Golden Mean. It follows that ¢ + ¢ =1, ¢ — =
V5, and ¢ = —1. The limiting value for the ratio of successive Fibonacci numbers,
lim,_, & fur1/fn = @, is attributed to Johannes Kepler.

The power series for which the nth coefficient is the nth Fibonacci number is consid-
ered in [2]. In what follows, we’ll consider the power series in which the nth coefficient
is the reciprocal of f;,. This power series evaluated at x = 1 yields the series consid-
ered in [3]. In this sense, the power series generalizes the series of reciprocal Fibonacci
numbers [3].

fn:

Definition. The reciprocal Fibonacci function is

F(x) = Z \/_ZW_W (1)

Since lim,,— oo (fy,/ fus1)|x] = |x]/¢, the ratio test implies the series converges for
|x| < ¢, in which case the radius of convergence is ¢». Subsequent analysis provides two
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other series representations for the reciprocal Fibonacci function. After establishing
alternate series representations, calculations determine the convergence rate for each
series representation. The resulting convergence rates determine each series numerical
effectiveness for the calculation of the reciprocal Fibonacci function.

The nth term of the series for the reciprocal Fibonacci function approaches the terms
of a geometric series for n large. This suggests the comparison of F(x) with the geo-
metric series

SE() -

This yields
- _\/g X/¢ - _\/§oo<£)n:\/g e’} an _oo<£>n
=Ty =T Z 7 ;qs"—qb" ; ¢

~ A (@/9)10)" 2
~ VY (g - g —vE s 2 _F(¢>.

Because the radius of convergence of the two series is ¢, one can use term-wise sub-
traction in the above calculation. The result is the following theorem.

Theorem. The reciprocal Fibonacci function can be represented by

F(x):«/gL+F(fx>, for — ¢ < x < . 2)
¢ —x ¢

Note that ¢ < (¢/¢p)x < —. It follows that equation (2) represents the reciprocal
Fibonacci function as a geometric series in closed form plus the value of the function
with argument scaled by ¢/¢. This representation determines the behavior of the re-
ciprocal Fibonacci function at the endpoints of the interval of convergence, ¢ and —¢.
As x approaches ¢ from the left, the function approaches 400 and is asymptotic to the
function /5 [x/(¢ — x)]. As x approaches —¢ from the right, the limit exists and the
Fibonacci function equals F(—¢) = —«/5/2 + F(—(]S).

Equation (2) provides a convenient method for the numerical evaluation of the Fi-
bonacci function since the series expansion for F ((43 /¢)x) converges faster than the se-
ries expansion given by equation (1). The numerical advantage provided by equation (2)
improves as x approaches ¢. More efficient computational forms than equation (2) are
considered next.

Alternate series representations for the reciprocal Fibonacci function

The result given by equation (2) can be iterated using the ratio 8 = d/p=(=3+
V5)/2 ~ —0.3820 to give

F(x) = \/_Z

for—¢<x<¢ 3)

because for continuous F, it follows that lim,_, . F(B8"x) = F(lim,_. o B"x) =
F(0) = 0. The series for the reciprocal Fibonacci function in equation (3) can be
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expressed as

o 00 Aon
F(x):\/§|:1 fx +§%} where £ = x/¢pand — 1 <% <1. (4

In [3], the summation in equation (4) is identified as a generalized Lambert series.
It follows from [3, Eq. 5], a special case of the Rogers-Fine identity [4, relation 14.1],
that the representation in equation (4) is identical to the series, for —1 < % < 1,

3 = 1% e
Fx)=+5| 22— . 5
) [1—ﬁ+;<1—ﬁﬁ"><1—ﬂ") ’3} ©

Numerical summation and rate of convergence

For a convergent series S =) -, a, the sequence of partial sums » ;_; a; has
error e, = Z,fin +1 @ The series converges linearly if lim, . |€,11/e,| = r, where
0 <r <1, and the value of r is called the asymptotic rate of convergence. The
sequence of partial sums converges superlinearly if lim,,_, » |€,+1/€4] = 0.

In [3], the series representation provided by equation (4) is used to provide a fast
computation for the sum of the inverse Fibonacci numbers, F(1) = Zf;](l/ ) &
3.35988566624318. In what follows, the numerical behavior describing convergence
for the three summations of equations (1), (4), and (5) are compared. The numerical
convergences for each of the three series appear in Table 1.

TABLE 1: Convergence behavior of the series representations for F'(1)

Convergence of partial summation for Equation (1), x = 1

n nth Partial sum Error lent1/enl
10 3.330469041 2.942E-02 0.6180
20 3.359646489 2.392E-04 0.6180
30 3.359883722 1.945E-06 0.6180
40 3.359885650 1.581E-08 0.6180
47 3.359885666 5.446E-10

Convergence of partial summation for Equation (4), x = 1

n nth Partial sum Error lent1/enl
5 3.356770386 3.115E-03 0.3863
10 3.359910916 2.525E-05 0.3819
15 3.359885461 2.053E-07 0.3820
20 3.359885668 1.669E-09 0.3820
21 3.359885666 6.376E-10

Convergence of partial summation for Equation (5), x = 1

n nth Partial sum Error lenr1/enl
1 3.336881039 2.300E-02 3.626E-03
2 3.359969090 8.342E-05 8.309E-04
3 3.359885597 6.932E-08 1.020E-04
4 3.359885666 7.067E-12
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Numerical results in Table 1 for equation (1) show lim,_, |€,+1/e,] = 1/ < 1,
so that the series in equation (1) converges linearly with asymptotic rate ¢! = 0.6180
and converges to 10-digit accuracy for n = 47.

For the series in equation (4), lim, . |eq+1/€x| = |B] < 1. The series representation
in equation (4) converges linearly with asymptotic rate |8| & 0.3820 and converges to
10-digit accuracy for n = 21.

For the series in equation (5), lim, .« |e,+1/€x] = 0. Hence, the series represen-
tation of equation (5) possesses superlinear convergence and converges with 10-digit
accuracy for n = 4.

The numerical results in Table 1 were calculated for x = 1. Note that for —¢ < x
< ¢, the asymptotic convergence rate for equation (1) is |x|/¢. As x approaches ¢
from the left, the asymptotic convergent rate approaches 1, which implies that the
convergence rate slows as x approaches 1. The asymptotic convergence rate for the
series in equations (4) and (5) does not depend on x. The disparity between the rate
of convergence of the series in equation (1) and either series from equations (4)
or (5) becomes greater as x approaches ¢. In summary, the series representation in
equation (4) is numerically superior to the series in equation (1). The most powerful
computationally is equation (5).

The analysis for the summation of the inverse Fibonacci series demonstrates that the
goal of the numerical analyst is to do the analysis first and then do the computation.
In this there is much to be gained. Suggested for further study is the problem: for any
power series ) _ a,x", determine conditions on the coefficients for which the method
described in this paper provides accelerated convergence.

As a historical note to the reader, NASA never developed an antenna that can com-
municate during space craft reentry. Communication with astronauts during reentry is
still an unsolved problem.

Acknowledgement The author thanks Shelly Gessing of Foothills Elementary, Boulder, CO for the opportunity to
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In THIS MAGAZINE, Freedman [1] used Lagrange multipliers to prove a generalization
of arithmetic mean-geometric mean (AM-GM) inequality. In what follows, we point
out that Freedman’s result is equivalent to an earlier result from [2].

Theorem (Freedman [1]). Let rj, pj, q; > 0 be given for 1 < j < n; for each j let
kj =t andlet K = 37 k;. Then

1
n a\ K
N W
R =\
. . . l . r‘l“ _ r;lz _ _ rzrx
wzthequalztyzfandonyzfr_E_-u_E.

The AM-GM inequality is obtained upon taking p; = g; = 1 for all j in (1).

In [2], by using the inequality Y ., infyep fi(x) < inficp > o, fi(x), where f;:
E C R — R are arbitrary functions, the following theorem was proved where E :=
(0, 00), fi(x) = aix* — b;logx, (a;, b; > 0), @ > 0. Note that Holder’s, Minkowski’s
and other classical inequalities are proved in [2] by using this method.

Theorem (Sandor and Szab6 [2]). If a;, b; > 0 are arbitrary real numbers, then
b\ n n Y1 bi
G = (5 /%)
with equality if and only if a;jb; — aib; = 0 for all j, I.
Let p; = kjq;, so that after a simple transformation, (1) becomes

Kok kit ky \ 0T
> .
ke Yo =\l

(1)

By letting k; = b; and riq" = a; for all i, inequality (1) is in fact inequality (2). As a;b; =
a;b; only if rjj ki = r'k;, the cases of equality in (1') are established, too.
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Even Perfect Numbers End in 6 or 28
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Perfect numbers—positive integers equal to the sum of their proper divisors, such as
6=1+2+3and 28 =142+ 4 + 7+ 14—are a staple of every elementary num-
ber theory course. Most textbooks for such a course include examples or exercises
asking students to show that (a) every even perfect number is a triangular number, and
(b) every even perfect number ends in 6 or 28. In this short note, we illustrate how one
can employ (a) and simple congruences to prove (b).

Euclid proved that if p and g = 27~! are prime, then N, = 27~ is perfect, and Euler
showed that every even perfect number must have this form. If 7, = 1 +2+--- 4+ n =
@ denotes the nth triangular number, then simple algebra establishes N, = T5»_;.
For a visual proof of this fact, see [1].

We begin with congruence results for 75, and T5,,».

Lemma. 7T5,,1 =1 (mod 5) and 75, = 3 (mod 25).

Proof. Below we partition 75,1 and T5, to show that 75, = 207, 4+ 57,,_; + 1 and
Tspio = 25T, + 3.
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T5n+l =207, + 51,1 + 1

We now proceed to our main result.
Theorem. Every even perfect number ends in 6 or 28.

Proof. Since N, = 6, we need only consider N, for p odd. When p is odd, there are
two cases: p=4k+ 1 and p=4k+3. If p=4k+1then 2’ —1=2-165—1=
1 (mod>5), ie., 2! =5n+1 for some positive integer n. Hence, N, = Tor_; =
T5,41 = 1 (mod 5), so that in base 10, N, ends in 1 or 6. Since N, is even, it ends
in6.If p=4k+3then2p—1=8-16k—1=2 (mod>5),ie.,2p—1=5n+2 for
some positive integer n. Hence, N, = Trr_; = T5,42 = 3 (mod 25), so that in base 10,
N, ends in 03, 28, 53, or 78. Since N, is a multiple of 4 for p > 3, it ends in 28. [ |
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Solution to the Partiti Puzzle

13 9 16 11 14 11
1237 | 45 79 56 | 347 | 128
15 8 3 3 9 11

69 8 3 12 9 56
10 8 6 11 8 13
235 | 17 6 47 8 1237
12 9 5 6 9 15

48 9 23 15 9 | 456
7 7 8 4 5 16

16 7 8 4 23 | 178
20 11 13 18 9 15
389 | 245 | 139 | 567 9 | 456
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Counting Interior Roots of Trinomials
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The history of locating roots of polynomials is a vast and interesting field, spanning
algebraic, geometric, topological, and numerical techniques. It dates back to ancient
times and has received considerable attention in every era of mathematics. It is com-
mon to specialize to specific classes of polynomials, often by restricting the coefficients
to certain subsets of the integers. There are far too many references to list, but we re-
fer the reader to the detailed paper on the geometry of trinomial zeros by Melman [4]
and the references therein as a starting point. In this paper, we focus on a particu-
larly simple class of trinomials and we investigate how many roots occur inside, out-
side, or on the unit circle. We begin with an example to illustrate the particulars of the
problem.

Example. Let p(z) = 7' 4+ z/ — 1. The roots z = x + iy of p(z) are plotted in the
complex plane in Figure 1. Five roots are inside the unit circle (interior roots) and
five roots are outside the unit circle (exterior roots). For this trinomial, no roots occur
on the unit circle (unimodular roots).

Figure 1 The distribution of roots of p(z) = z!° 4+ z” — 1 relative to the unit circle.

Generalizing the above example, we explore the family of trinomials given by
piz)=7"+ 7 — 1, where n and k are positive integers withn > 2and 1 <k <n— 1.
In an earlier paper [1], we explored this family of trinomials and settled the question
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of when they have unimodular roots. We restate the result here since we will refer to it
later in the paper.

Theorem 1 (Brilleslyper and Schaubroeck [1]). Let n and k be positive integers with
n>2,1<k<n-—1,andlet g = gcd(n, k). Then the polynomial p(z) = 7" + z* — 1
has unimodular roots if and only if 6g divides n + k. Moreover, when the condition
holds, there are 2g unimodular roots given by z,, and z,,, where

a1 2nrm
zm:exp(z(——i——)>, O=m=g—1
3¢ ¢

Note that z,, and Z,, are the gth roots of "3 and e~"/3, respectively.

In the course of establishing Theorem 1, we observed the number of interior and
exterior roots did not seem to follow a predictable pattern. We left it as an open question
to derive formulas that count these values as functions of the exponents, n and k. Here,
we conjecture a formula for the number of interior roots and provide a proof that the
formulais correct in the case k = 1. A corresponding formula for the number of exterior
roots follows easily.

Counting interior roots

Consider again the introductory example, p(z) = z!° + z7 — 1. By Theorem 1, we know
that p(z) does not have unimodular roots because 6 does not divide 10 + 7. Thus, as
shown in Figure 1, all 10 roots are interior or exterior, with five of each type. But change
the polynomial to z!° +z” — 1, and the numbers change to seven interior roots and
three exterior roots. Is there a discernible pattern here? Table 1 shows the complexity
of the situation for the complete family of degree-10 trinomials, p(z) = z'® + zF — 1,
where 1 <k <09.

The pattern in Table 1 is difficult to analyze. This is partly because n and k are not
always relatively prime. For a specific polynomial in which ged(n, k) = g > 1, there
is a simple relationship between the roots of p(z) = z" + z* — 1 and the roots of the
lower degree reduced polynomial p(z) = /¢ + z*/¢ — 1. As explained in Lemma 2
in [1], the roots of p(z) are in g-to-1 correspondence with the roots of p(z). More-
over, the correspondence preserves the division into interior, exterior, and unimodular
categories. As an example, the polynomial p(z) = z!° + z* — 1 has six interior roots.
Because gcd(10, 4) = 2, the reduced polynomial p(z) = z° + z> — 1 has three interior
roots. Thus it suffices to study only trinomials in which ged(n, k) = 1.

TABLE 1: The number of interior, exterior, and
unimodular roots for the family p(z) = z'0 + ¥ — 1

k Interior roots Exterior roots Unimodular roots

O XA A W~
NN W
WAUDEUAOUE
coocoocoococo kO
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TABLE 2: The number of interior, exterior, and
unimodular roots for the family p(z) = z!' + 78 — 1

k Interior roots Exterior roots Unimodular roots
1 3 6 2
2 5 6 0
3 5 6 0
4 5 6 0
5 5 6 0
6 5 6 0
7 5 4 2
8 7 4 0
9 7 4 0

10 7 4 0

To ensure ged(n, k) = 1 for all k, we consider a family where 7 is prime. Table 2
shows the root distribution for the family of trinomials when n = 11.

The pattern in Table 2 is more easily analyzed. We observe the values in the sec-
ond and third columns of the table are constant as k increases until we reach a row
where 6 divides n + k. In each such row, there are two unimodular roots and the num-
ber of exterior roots decreases by two. In the next row, there are no unimodular roots,
the number of interior roots increases by two, and the number of interior and exterior
roots remain constant for five rows. It is possible to capture this pattern with a rela-
tively simple formula, which we state in the following conjecture. We have confirmed
through numerical calculations that our conjectured formula agrees with the actual root
distribution for many combinations of n and k. Here, we will prove that the formula
gives the number of interior roots for the trinomials when k = 1.

Conjecture. Let p(z) =7"+7*— 1, withn,ke N, and 1 <k <n—1. Let 0 (n, k)
denote the number of interior roots. If gcd(n, k) = 1, then

k—1
o(n, k)=2L%J+1,

where | x| denotes the greatest integer less than or equal to x.

In the cases where ged(n, k) = g > 1, we extend the above formula to

k—
o, k) =2g LH—gJ + g
6g

This extension follows from the previous discussion concerning the relationship be-
tween the roots of the polynomial p(z) and the reduced polynomial p(z).

Root localization

Plotting the set of roots of p(z) = " + z¥ — 1 for any combination of 7 and k shows
that they tend to be distributed around the unit circle with one root near each of the nth
roots of unity (the roots of 7" — 1). This observation led us to seek a set of disjoint
angular sectors, each containing exactly one root of p(z). Studying the angular separa-
tion of roots is common in the research area of root localization and was extensively
used in the study of trinomials by Melman [4]. Here, we use the classical result due
to Rouché to accomplish the task. For completeness, we state Rouché’s theorem for
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analytic functions and refer the reader to any standard text in complex analysis for a
proof and further applications [3].

Rouché’s Theorem. Let C be a simple closed contour in C and f and g be functions
that are analytic in a simply connected domain that contains C. If | f(z) — g(2)| < |g(2)]
for all z € C, then f and g have the same number of roots, counted with multiplicity,
inside C.

Rouché’s theorem applied to p(z) =z" +z¥ —1 We begin by defining a set of n
disjoint angular sectors,

P 2amw b4 2amw b4
R,=3pe” :0<p<2and —— — <l < —+ —1¢,
n 2n n 2n
where a =0, 1, ...,n — 1. The sectors R, are centered on the nth roots of unity. We

refer to these sectors as Rouché sectors and prove the following lemma.
Lemma 1. Each Rouché sector contains exactly one root of p(z).

Proof. We apply Rouché’s theorem letting f(z) = p(z) and g(z) =z" — 1. Then
|f — gl = |Z*|. Observe the roots of g(z) are the nth roots of unity, and they lie on
the unit circle in the center of each angular sector. We consider the rays pe, where
O<p<2andt = 2“7” + 7. Along these rays, 1ZK] = p*, and

"= 11> = |p"e™ — 1 = (p"e™ — 1)(p"e™™ — 1)
=p 41— p"(e™ + &7y = p?" + 1 — 2p" cos(tn).

Since cos(tn) = 0, we have |z" — 1| = \/p?" + 1. Nowif p < 1,then |Z| = p* < 1,
andif p = 1, then p¥ = 1. Also, if p > 1, then p* < p" since k < n.Inall cases we have
that || < \/p?" + 1 = |7 — 1| which satisfies the hypotheses of Rouché’s theorem.
Furthermore, along the circular arc p =2, |7 — 1| > 2" — 1 > 2¥ = |z¥|. Therefore
the conditions of Rouché’s theorem are satisfied along the boundary of R,, and since
7" — 1 has only one root within R,, so does p(z). [ |

To illustrate, Figure 2 shows the Rouché sectors and the six roots for the trinomial
p(z) = 2% 4+ z — 1. Note that each root occurs in exactly one Rouché sector, along with
a 6th root of unity.

Figure 2 The Rouché sectors, roots of p(z) = z° + z — 1, and the 6th roots of unity, shown
as stars.
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The special case k = 1

Assuming k = 1, our conjecture for the number of interior roots reduces to an expres-
sion that depends only on n. Specifically,

o, 1)=2 LZJ 1.

Proving this formula is correct requires introducing a related trinomial, whose roots
are in one-to-one correspondence with those of p(z) = 7" + zF — 1 via reflection across

the unit circle. We define
" 1
9@)=-2'p\ - )-
Z

We then observe that g(z) = 7" — 2" ¥ — 1, and p(z0) = 0 if and only if ¢(1/Z9) = 0.
The polynomial g(z) is the negation of what is commonly called the reverse polynomial
of p(z). For what follows, we note that for any complex number z # 0, both z and 1/Z
have the same argument.

Disjoint angular sectors Our first observation uses properties of the polynomi-
als p(z) = 7" +z— l and ¢(z) = " — 7"~! — 1 along with basic geometry in the com-
plex plane to establish that all interior roots of p(z) must lie in the interior of the sector
with angular boundaries —mr/3 and /3, while all the exterior roots lie in the comple-
mentary sector with angular boundaries 7/3 and 57/3. We recall by Theorem 1 that
unimodular roots can only occur on the boundaries of these angular sectors.

To establish this angular separation, let zo = rpe®. Assume p(zo) =0 and
ro < 1. Let wy = ;—O Observe that |wg| > 1, Arg(wg) = Arg(zo), and g(wy) =0 =
wy — w{j*l — 1, so that wgfl(wo — 1) = 1. Taking the modulus of both sides and ob-
serving that |w8_1| > 1, it follows that |wy — 1| < 1. Therefore, wy lies outside the

circle |z| = 1 and inside the circle |z — 1| = 1. These two circles intersect at the angu-

lar values of % Since Arg(wo) = Arg(zo), then —5 < 6y < 3.

Now assume rg > 1 and let wy = zio As before, note that g(wg) = 0, |wg| < 1, and
Arg(wg) = Arg(zp). Since g(wg) = 0, we have wg_l(wg — 1) = 1. Taking the modulus
of both sides and observing that |w8*1| < 1, it follows that |wy — 1| > 1. Therefore,
wy lies inside the circle |z] = 1 and outside the circle |z — 1| = 1. But zg = 1/wy, so
7o must lie in the region given by 3 < 6y < 57”

The preceding argument establishes the following result.

Lemma 2. Let 7y be a root of p(z) = 7" 4+ z — 1. If 29 is an interior root, then —m /3 <
arg(zg) < 7 /3. If zo is an exterior root, then w /3 < arg(zy) < 57 /3.

A counting strategy To count the number of interior roots of p(z), we count the
number of intersections of the Rouché sectors with the angular sector

. T 4
I={re’0 : r>0,——<9<—}.
3 3
Our analysis above shows that any Rouché sector that is a subset of / must contain an
interior root. Similarly, any Rouché sector disjoint from the sector / must contain an
exterior root. Thus, the argument comes down to showing what happens to any Rouché
sector that intersects the boundary rays of the sector /.
We first consider which Rouché sectors can intersect the boundary of 1. The result
depends on the value of n mod 6.
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Lemma 3. The points on the unit circle with arguments +m/3 are contained in a
Rouché sector, R, if and only if n = 0, 1, or 5 mod 6.

Proof. Assume there exists a, such that ¢™/3 € R,. Thus, we have the inequality

2arm T T 2am T
3

n 2n n o'

Multiplying through by 3n/m gives

3
6a— - <n<6 —.
a > n a + >
The inequality defines an open interval of length 3, centered on a multiple of 6. Thus,
any n that satisfies the inequality must be —1, 0, or 1 when reduced modulo 6. There-
fore, this inequality can only hold when n =0, 1, or 5 mod 6. The same holds for
e~/3 because the Rouché sectors are symmetric via reflection with respect to the real
axis. |

Lemma 3 shows when n = 2, 3, or 4 mod 6, that no Rouché sector contains e*™3.

In these cases, none of the Rouché sectors overlap the boundary of /. Hence, for these
three cases, the number of interior roots of p(z) is simply equal to how many Rouché
sectors are subsets of the sector /.

To count how many Rouché sectors are subsets of /, first note that the sector Ry is
symmetric about the positive real axis and we always have Ry C I. Furthermore, the
other Rouché sectors are symmetric with respect to the real axis. Thus, it suffices to
count only those sectors that lie entirely in the upper half plane and intersect /. To do
so we count how many positive integer values of a satisfy

2ar 7w b4
—_——— < —. (1)
n 2n 3
We then multiply this result by 2 to account for the symmetry and add 1 to account
for Ry. Solving equation (1) for a gives
n n 1 2)
a<—-+4+-.
6 4
The right side of equation (2) is never an integer since it equals (2n + 3)/12, which
has an odd numerator and an even denominator. Hence, the number of integers a that

satisfy equation (2) is given by
n L+ 1 3)
6 4]

Expression (3) is equal to |n/6] when n £ 5 mod 6. Multiplying by 2 and adding 1
confirms our formula for o (n, 1) when n = 2, 3, or 4 mod 6.

The case n =5mod 6 When n =5 mod 6, expression (3) becomes |[n/6] + 1.
However, in this case n + 1 is divisible by 6 and Theorem 1 applies to p(z). Hence,
there are two unimodular roots at angles of £ /3. Recalling that each Rouché sector
contains exactly one root of p(z), we can subtract 2 to account for these two intervals.
Thus, we obtain o(n, 1) =2(|n/6] + 1)+ 1—-2=2|n/6] + 1.

The case n =0mod 6 When n =0 mod 6 or n =1 mod 6, the angles 7 /3 are
always contained in some Rouché sector. However, in these cases we will show that no
exterior root can be contained in those particular Rouché sectors. We show the detailed
analysis for n = 0 mod 6, and leave the similar case of n = 1 mod 6 to the reader.
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Lemma 4. [fn = 0 mod 6 then no exterior root of p(z) = 7" + z — 1 is in the Rouché
sectors that contain the angles £+ /3.

Proof. We first demonstrate that if there is an exterior root of p(z), then the root must
lie within one of the sectors

Ejz{reigz 0

-1 i1 U 3mon Thod

27 27 j 4 27 j }

where j =0,1,...,n—2. To that end, assume p(z9) = 0 with |zo| > 1. Since zj +
70 = 1, we observe that |zo||z}~ '+ 1] = 1. Thus lzg~ '+ 1| < 1. Coupled with the ob-
servation that |z8_1 | > 1, we conclude that z;;~ "'lies outside of the unit circle and inside
of the circle of radius 1 centered at —1. Hence, the argument of zg_l lies within the
interval (27”, %”). Taking the (n — 1)st roots of the interval, we conclude that z lies
within E;.
For simplicity of language, we refer to exp[z(3(ﬁ”1) + 2’” )] and exp[z(3(n 5+

2’” ==)] as the left and right endpoints, respectively, of E;.

When n = 0 mod 6, we note that ¢”/3 is contained in R, precisely when a = n/6.
We show that none of the E; can intersect R,,/6.
Now if the left endpoint of E; is in R, /6, then we have the inequality

2ar W 2 2 j 2ar 7w

+ < + —.
n 2 3n—1) "n—1""n "

Multiplying both sides by 6(” D

12a(n — 1) —Tn+3 . 12an—1)—n-3
< 12j <
n n

and isolating the j terms in the middle yields

Replacing n with 6a gives

1 1
12 -9+ — < 12j < 12a —3 — —.
a + g <12 < 1la a
Note that the left-hand side is greater than 12a — 9 while the right-hand side is less
than 12a — 3. Such a j would be expressed as a multiple of 12 between 12a — 9 and
12a — 3, which is impossible.

Now we consider if the right endpoint of some E; could be contained in R, /s. In
particular, because the argument of an exterior root must be between 77/3 and 57/3, we
only need to consider if it is possible for

b4 4 2 j 2ar 0w

3 <3(n—1)+n—1< n +2n'

Again multiplying through by 6(” D and isolating the j terms in the middle yields
2n(n — 1) — 8n . 12an—1)—-5n-3
—— < 12j < .
n n

Letting n = 6a, we have

1
12a-10< 12j < 12a — 7 — —.
2a
Again, such an integer j is impossible.
We conclude that R,, s cannot contain any exterior roots, and thus the one root within
R, /6 is an interior root. |
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Figure 3 The roots of p(z) = z!* + 2> — 1 and the cube roots of the sector I.

The case for n = 1 mod 6 is algebraically similar and is left as an exercise. Thus,
our method of counting interior roots for n = 2, 3,4 mod 6 can be extended to n =
0 mod 6 and n = 1 mod 6. Therefore, we have proved our conjectured formula for the
case k = 1.

Theorem 2. The number of interior roots of the polynomial p(z) = 7" + z — 1 is given
byo(n,1)=2|n/6] + 1.

For an example, Theorem 2 tells us that p(z) = z%° + z — 1 has 21 interior roots.
Notice that the interior roots account for roughly one-third of all the roots. It is easily
confirmed that lim,_, o (n, 1)/n = 1/3.

Theorem 2 immediately extends to any trinomial whose corresponding reduced
polynomial has k = 1. Such a trinomial has the form p(z) = z"¢ + z8 — 1, for g > 2.
For example, if we let n = 6 and g = 3, then we obtain p(z) = z'® 4+ z*> — 1. Figure 3
shows all 18 roots of the polynomial along with the regions whose boundary rays cor-
respond to the cube roots of e*/3. We see that all the interior roots occur in the gth
roots of the sector /. Or, putting it differently, the gth power of any interior root must
land in the sector /.

After this paper was submitted for publication, the general conjecture was proved
by an undergraduate student, David Kyle, and his advisor Russell Howell in [2] using
ideas and techniques developed in an earlier preprint of this paper. We encourage the
interested reader to see their work.
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Summary. We consider a simple family of trinomials. The roots of this family, when plotted in the complex plane,
form intriguing patterns which motivate some natural questions about their distribution. In particular, we conjec-
ture a formula that counts the number of roots that lie inside the unit circle. We provide a proof of this conjecture
for a special case. The proof makes use of basic geometry, number theoretic calculations, and an application of
Rouché’s theorem. The result partially answers a previous open question from an earlier paper that investigated
when this family of trinomials has roots on the unit circle.
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PROBLEMS

EDUARDO DUENEZ, Editor EUGEN J. IONASCU, Proposals Editor

Spelman College Columbus State University

JOSE A. GOMEZ, Facultad de Ciencias, UNAM, Mexico; CODY PATTERSON, University of
Texas at San Antonio; MAR[A LUISA PEREZ—SEGUT, Universidad Michoacana SNH, Mexico;
RICARDO A. SAENZ, Universidad de Colima, Mexico;, ROGELIO VALDEZ, Centro de In-

vestigacion en Ciencias, UAEM, Mexico; Assistant Editors

Proposals

To be considered for publication, solutions should be received by September 1, 2018.

2041. Proposed by Vadim Mitrofanov, Taras Shevchenko National University of Kyiv,
Kyiv, Ukraine.

Let ABCD be a quadrilateral that circumscribes a circle of radius r and is also inscribed
in a circle of radius R. Let s be the semiperimeter of ABCD. Prove the inequality s> <
6R> + 472

2042. Proposed by Rick Mabry and Debbie Shepherd, Louisiana State University
Shreveport, Shreveport, LA.

Recursively define random variables Xo, X1, ..., X,,...and Yy, Y1, ..., 7, ... taking

values in [0, 1] as follows:

* Xp = 0and Y, = 1 are constants;

* forn=0,1,2,..., X4+ and Y, are chosen uniformly and independently in the
closed interval with endpoints X,;, ¥,.

Prove that, with probability 1, the limits X = lim,_, o X, and ¥ = lim,_, « Y, both exist
and are equal, and find their common distribution.

2043. Proposed by Greg Oman, University of Colorado, Colorado Springs and Adam
Salminen, University of Evansville, Evansville, IN.

Find all commutative rings R with unity such that:

(i) R contains some element x that is neither nilpotent nor a unit (i.e., x" # O for all
n>1andxy # 1 forall y € R), and

(ii) every proper nonzero ideal of R is maximal.

Math. Mag. 91 (2018) 151-158. doi:10.1080/0025570X.2018.1429759 © Mathematical Association of
America

We invite readers to submit original problems appealing to students and teachers of advanced
undergraduate mathematics. Proposals must always be accompanied by a solution and any relevant
bibliographical information that will assist the editors and referees. A problem submitted as a
Quickie should have an unexpected, succinct solution. Submitted problems should not be under
consideration for publication elsewhere.

Proposals and solutions should be written in a style appropriate for this MAGAZINE.

Authors of proposals and solutions should send their contributions using the Magazine’s sub-
missions system hosted at http://mathematicsmagazine.submittable.com. More detailed instruc-
tions are available there. We encourage submissions in PDF format, ideally accompanied by
LATEX source. General inquiries to the editors should be sent to mathmagproblems@maa.org.
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2044. Proposed by George Stoica, Saint John, New Brunswick, Canada.
Find all continuous functions f : [0, 1] — [0, co) such that

TN Q)
111})1+ e fx)y=0 and fx) < ,_2dt for all x € [0, 1].
X—> 0

2045. Proposed by Kenneth Levasseur and Nicholas Raymond (student), University of
Massachusetts Lowell, Lowell, MA.

Let n be a positive integer. For any base b (a positive integer greater than 1) consider
the set R, ; consisting of all 2" nonnegative integers » whose base-b expansion has (at
most) n digits, each either 0 or 1. Given n > 1, for what bases b is R, ; a complete
system of residues to the modulus 2"?

Quickies

1079. Proposed by Howard Morris, Southwest Tennessee Community College, Mem-
phis, TN.

Given any positive integer n show that there exist nonnegative integers a, b, ¢, each no
larger than /n + 1, and such that n = a® + b* — ¢,

1080. Proposed by Michael W. Botsko, Saint Vincent College, Latrobe, PA.

Call a function f : R — R proto-monotone if

lirtninff(t) < f(x) < limsup f(¢) for all x € R.

t—x

Show that the sum of a continuous function and a proto-monotone function is proto-
monotone, but the sum of two proto-monotone functions need not be proto-monotone.

Solutions

A regular octagon with one-third the area of another April 2017
2016. Proposed by Rick Mabry, LSU Shreveport, Shreveport, LA.

Let P = A1A2A3A4AsA¢A7Ag be a regular octagon. Let Ag = Ag, Ag = A, and Ay =
Ay . For j=1,2,...,8, let M; be the midpoint of A;A;;, and let A; be the point of

intersection of the segments A ;M ;> and A;_;M ;. Prove that the inner octagon P’ =
A ALALALALAGAL A has one-third the area of P.

Solution by Eugene A. Herman, Grinnell College, IA.

Consider the primitive root of unity @ = ¢”/# in the complex plane. Since ratios of
areas are invariant under rigid motions and similarities, without loss of generality we
may take the vertices of P to be the eighth roots of unity on the complex plane, say
Aj=w’/ (j=1,...,8). The line segment from A; to M, is parameterized by z() =
(I =1)A; +tM;» (0 <t < 1),s0A] is equal to the common value of both sides of the
equation

(1 — A +tM> = (1 — w)A; + uMs (1)

when #, u are real solutions thereof. These solutions can be obtained as follows: Since
t =1 and u = u are real, by taking equation (1) together with its complex-conjugate
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equation we obtain a system of two linear equations in ¢, u, whose solution is

_ Sl — A —AD] S = Ag)(M — Ay)]
SIMy — Ag) M5 — A SI(My — Ag) (M5 — A1)l

where 7 and J(z) denote the complex conjugate and the imaginary part of any complex
number z, respectively. Straightforward calculation using the values A; = v/, M; =
(Aj+A;41)/2 = (@ + @'*1)/2 and © = (1 +i)/+/2 gives the solution # = 2/3, and
hence

2 1+(w2+w3)=(2—ﬁ)+(2+ﬁ)i

1
A = —Ay+ =M, =
1=zt 30 3 6

From considerations of symmetry, it is clear that P’ is the image of P under the mapping
Z = A}z, namely, the composition of some rotation with a homothety by factor |A}| =
1/+/3 (both having center 0). It follows that P’ has area equal to (1/ V3)? = 1/3 that
of P.

A solution without words by Dixon J. Jones, Fairbanks, AK.

»:'.A » ":..’
!‘ 45 [ Y
g \_

Also solved by Michel Bataille, Robert Calcaterra, Callie Drage, Luke Wilson & Jonny Dehaan, Habib Y. Far,
Dmitry Fleischman, Michael Goldenberg & Mark Kaplan, Peter McPolin (UK), Jerry Minkus, Missouri State
University Problem Solving Group, Mountain Lakes High School Problem Solving Group, Kangrae Park (South
Korea), Edward Schmeichel, Achilleas Sinefakopoulos (Greece), John H. Smith, Michael Vowe, and the proposer.
There was 1 incomplete or incorrect solution.

A variant of the game of Nim April 2017

2017. Proposed by Sung Soo Kim, Hanyang University, Ansan, Korea.

Consider the following modification of the classical game of Nim. Initially, there are
one or more heaps, each consisting of one or more stones. Players Alice and Bob take
turns (Alice plays first). A player’s move consists of choosing one or more heaps and
removing exactly one stone from each of them. The player who takes the last stone
loses. Determine all initial states for which Alice has a winning strategy.
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Solution by Michael Reid, University of Central Florida, Orlando, FL.

We claim that the positions for which Alice has a winning strategy are precisely those
of the following two types:

(AI) thereis an even number (zero or more) of stones altogether, all in the same heap;
(A2) there are at least two heaps, and at least one heap has an odd number of stones.

Let A denote the set of positions of these two types, and let B be its complement,
namely, the set of positions of either of the following types:

(BI) there is only one heap, and it has an odd number of stones;
(B2) there are at least two heaps, all of which have an even number of stones.

Note that the empty position (when no stones are left) is of type Al; it is a winning
position since it is reached after the other player removed every stone and lost. Hence,
to prove that A is the set of winning positions for Alice it suffices to show that from
every nonempty position P in A, there is at least one move to a position P’ in 3, and
that from each position P in BB, every move results in a position P’ in A.

Consider any position P in B. If P is of type B1, the only possible move is to remove
a single stone from the only heap, leaving an even number of stones all in the same
heap, hence leading to a position P’ of type Al. If P is of type B2, every stone (at
least one) that is removed from any heap will leave the heap with an odd number of
stones, and furthermore the number of (nonempty) heaps will not change since each
heap has an even number, 2 or more, of stones prior to the move, so it is still nonempty
after possibly removing a single stone from it. Therefore, the resulting position P’ is of
type A2.

Next, let P be any nonempty position in A. If P is of type A1, the only possible move
is to take one stone from the unique nonempty heap, which will have an odd number of
stones after the move, thus a position P’ in B, of type B1. If P is of type A2, the move
leading to a position P’ in B must be chosen according to the number of heaps having
more than one stone as follows:

Case 1: There are no heaps with more than one stone. Take the unique stone from
all heaps except one. By the assumption that P is of type A2, this is a valid move since
there are at least two heaps left. Afterward, a single heap having a single stone is left,
which is a position P’ of type B1.

Case 2: There is exactly one heap (the “large heap”) with more than one stone.
Remove the stone from each single-stone heap; this results in removal of at least one
stone since the large heap cannot be the only heap, because P is of type A2. In case
the large heap has an even number of stones, take one stone from this heap also. The
resulting position P’, of type B1, has a single heap with an odd number of stones.

Case 3: There are at least two heaps with more than one stone. Take a stone from
each heap that has an odd number of stones. Since P is of type A2 by assumption,
there is at least one such heap. Afterward, all remaining heaps have an even number of
stones, and at least two heaps remain, namely, a position P’ of type B2.

Remark. Alice’s next move to ensure victory is always unique, except in Case 1 for
positions of type A2, when the choice of which single-stone heap not to remove is
arbitrary. We offer a one-sentence summary of the winning strategy:
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“Make all heaps even, unless that would result in a single heap.”

Also solved by Pedro Acosta, Robert Calcaterra, Robin Chapman (UK), John Christopher, Joseph DiMuro,
Wenwen Du & Paul Peck, Tom Jager, George Wahington University Math Problems Group, Reiner Martin (Ger-
many), Northwestern University Math Problem Solving Group, Paul Stockmeyer, Sarah Swenson & James Swen-
son, and the proposer. There was 1 incomplete or incorrect solution.

G; subsets of R and derivatives April 2017
2018. Proposed by Michael W. Botsko, Saint Vincent College, Latrobe, PA.

A derivative function is a function f : R — R such that f is the derivative of some
differentiable function on R.

(i) If f is a derivative function and ¢ € R, show that the set {x e R | f(x) > c}isa
countable intersection of open subsets of R.

(i) Find a derivative function f and ¢ € R such that {x € R | f(x) > ¢} is not a
closed subset of R.

Solution by Don L. Hancock, Pepperdine University, Malibu, CA.

(1) Let f be a derivative, say f = ¢. For all x € R we have

i
g+ EL)_g(X) ] (1)

m

fx) = 11_)nc1><J R (X)), where h,,(x) =

For fixed real ¢ and any positive integers m, n, let S={x e R: f(x) > ¢},
E=xeR:f(x)<c},and E,,, ={x e R: h,(x) <c—1/n}. If x € E then
f(x) <c—1/n for some n; in this case, equation (1) implies that A, (x) <
¢ — 1/n for all sufficiently large m, say for m > k. It follows that E is a sub-
set of the set

(@

F =

%)
() Evn
1 m=k

Conversely, if x € F there exist n, k such that h,,(x) < ¢ — 1/n for all m > k,
hence f(x) = lim,,—, o Au(x) < c—1/n < ¢,sox € E. This shows that E = F.
Note that each function 4, is continuous since g is differentiable and hence
continuous. Each set E, ,, is closed, being the inverse image under the contin-
uous function 4, of the closed interval (—oo, ¢ — 1/n], hence the intersection
(v En.m is also closed for any k. It follows that E = F is a countable union
of closed sets, so its complement S = R \ E is a countable intersection of open
sets, by De Morgan’s law.

(i) Let g(x) = x?sin(1/x) for real x # 0 and g(0) = 0. Routine calculation shows
that g has derivative f = ¢ given by f(x) = 2xsin(1/x) — cos(1/x) for x # 0
and f(0) = 0. We claim that S = {x € R : f(x) > 1/2}is not closed. Indeed, for
any positive integer n let x,, = 1/[(2n + 1)m]. We have f(x,) = 1 > 1/2, hence
{x,} is a sequence in S. Since f(0) =0 < 1/2, the set S is not closed since it
does not contain its limit point 0 = lim,,_, o X;,.

?v
Il

n,

Also solved by Robert Calcaterra, Souvik Dey (India), Russell Gordon, Northwestern University Math Problem
Solving Group, Celia Schacht, and the proposer. There were 2 incomplete or incorrect solutions.
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A continuum of translation-invariant orderings of Z x 7Z April 2017

2019. Proposed by Greg Oman, University of Colorado, Colorado Springs, CO.

Recall that a (strict) linear ordering of a set X is any binary relation < on X such that:

* x <yandy < zimplies x < z for all x, y, z € X (transitivity), and

* exactly one of the three possibilities x <y, y < x, x =y holds for all x,y e X
(trichotomy).

A strict linear ordering < of an additive abelian group (G, +) is said to be translation-
invariant when, for all x, y, z € G, if x <y, then x + z < y 4+ z. Consider the group
(Z x Z,+) of pairs of integers under the operation of coordinate-wise addition
(a,b) + (¢, d) = (a+ ¢, b+ d). Prove or disprove: There exist infinitely many distinct
translation-invariant linear orderings of (Z x Z, +).

Solution by Pedro Acosta (student), West Morris Mendham High School, Mendham,
NJ.

We prove that there are infinitely many distinct translation-invariant linear orderings
of (Z x Z, +). Let o be any irrational number. Define (a, b) <, (¢, d) to mean that
a+ ba < ¢ + do (in the standard ordering of the reals). Transitivity of <, follows from
transitivity of < on real numbers. Next, by trichotomy of the ordering on R, at most one
of the relations (a, b) <4 (¢, d), (¢, d) <, (a, b), (a, b) = (c, d) may hold. In fact, if
(a,b) 44 (¢, d)and (c, d) 44 (a, b), we musthavea + ba = ¢ +da,s0a —c = (d —
b)a. Since a — ¢ is an integer, so is the multiple (d — b)« of the irrational number «,
hence we musthave 0 = (d — b)a = a — ¢, so (a, b) = (c, d) in this case. We conclude
that <, is trichotomic and hence it is a linear ordering of (Z x Z, +). Now we prove
the translation-invariance of <, as follows: for (e, f) € Z x Z and (a, b) <, (c, d) we
have

(a,b) <4 (c,d)y=a+ba<c+da=a+e+ b+ fla<c+e+{d+ f
= @+e, b+ f)=<q(c+e, b+ f).

Finally, we show that if « and g are two distinct irrational numbers, then the order-
ings <, and <g are different. Assume without loss of generality that @ < 8. Since
the rational numbers are dense in the real numbers, there exist integers m, n such that
n> 0and @ < m/n < B. It follows that n« < m and m < ng, so (0, n) <, (m, 0) and
(m, 0) <g (0, n); therefore, <, and <g are distinct orderings. Since there are infinitely
many irrational numbers «, there exist infinitely many distinct translation-invariant or-
derings of (Z x Z, +).

Editor’s Note. The solution above shows that the cardinality of the set O of translation-
invariant orderings of (Z x Z, +) is no less than the cardinality of the set of irrational
numbers, which is equal to the cardinality ¢ of the continuum (i.e., the cardinality of the
set of real numbers). Since ¢ is also the cardinality of the power set P of the countable
set (Z x Z) x (Z x Z) and every relation < on Z x Z may be regarded as a member
of P, the set O has the same cardinality ¢ as P.

Also solved by Robert Calcaterra, Robin Chapman, Souvik Dey (India), Joseph DiMuro, Abhay Goel, Tom
Jager, Reiner Martin (Germany), Northwestern University Math Problem Solving Group, Greg Oman, Michael
Reid, Celia Schacht, Joseph Walsh, Woobin Yang (South Korea), and the proposer. There was 1 incomplete or
incorrect solution.
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Transcendental moments of the arctangent April 2017

2020. Proposed by Julien Sorel, PNI, Piatra Neamt, Romania.

Find all natural numbers n such that the integral [, := fol x"arctan x dx is a rational
number.

Solution by Hongwei Chen, Christopher Newport University, Newport News, VA.

We show that 7, is a rational number precisely when n = 4k +3 withk =0, 1,2, .. ..
For any nonnegative integer n, using integration by parts, we have

1 ! 1 L yntl
I, = / arctanxd(x”+1) =[x arctanx|(1) _/ — _dx

n+1Jo n+1 o 1 +x2

1 1 xn-‘rl 1 ll_xn+1
= z_/ dx — / dx

n+1\4 o 1+x2 n+1Jy 1+x2
1 /1 1 — @4+ 1 —xhrt!

n+1J, 1+ x2

1 1] = x(rtd)+1 1
= / dx—/ (1 = x> dx
n + 1 0 1 +x2 0
2

1
=— Syiq —
n+1<("+)+4

dx

(n+2)n+ 4)) )

Hence, we have a recursion

forn=0,1,2....

1
Lia = P <(” + DI, + m)

Write n = 4k + r with k, » nonnegative integers and r < 3. It follows by induction from
the identity above that I, is rational if and only if /. is rational. Routine computation
gives

=1 Yo, 2! O AL S T
=-m—=In2, =-mT— -, =-m+In2-1, =—.
0747 T2 S A M) T 6

Obviously, I3 is rational. We show that I,, I;, and I, are irrational. Since
In2 and In(—1) =imr are nonzero logarithms of algebraic numbers, and since
im/In2 is not a rational (nor even real) number, it follows from Baker’s theorem
en.wikipedia.org/wiki/Baker’s_theorem that any linear combination aimw +
bIn2 + ¢ with algebraic coefficients a, b, ¢ such that a, b are not both zero is tran-
scendental. Note that Iy, I, I, are of the form just described (e.g., Iy = (—i/4)ir +
(—=1/2)In2 where —i/4 and —1/2 are algebraic), hence they are transcendental and, a
fortiori, also irrational numbers. Therefore, I, is a rational number iff n = 4k + 3 with
k=0,1,2,...asclaimed. (Itis clear that I, is actually transcendental when irrational.)

Also solved by Herb Balley, Brian D. Beasley, Brian Bradie, Robert Calcaterra, Robin Chapman (UK), Joseph
DiMuro, Gregory Dresden, Dmitry Fleischman, Nilotpal Ghosh, Michael Goldenberg and Mark Kaplan, Russell
Gordon, Raymond N. Greenwell, Don Hancock, Eugene A. Herman, Dale Hughes and Nancy Wang, Seonho
Hwang (Korea), Weiping Li, Daniel Lopez Aguayo (Mexico), Rick Mabry, Missouri State University Problem
Solving Group, Moubinool Omarjee (France), Satyanand Singh, Albert Stadler (Switzerland), Jon Staggs, Nora
Thornber, John Zacharias, and the proposer. There was 1 incomplete or incorrect solution.
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Answers
Solutions to the Quickies from page 152.

A1079. Let m = | \/n] be the unique nonnegative integer satisfying m> < n < (m +
1)2. Since ((m + 1)> —n) + (n — m?) = (m + 1)> — m> = 2m + 1 is odd, one of the
nonnegative integers (m + 1)*> — n, n — m?> must be odd and necessarily of the form
2k + 1 with k a nonnegative integer such that k < m. Observe that 2k + 1 = (k + 1)* —
k2. To finish the proof when n — m? is odd, leta = m,b = k + 1, and ¢ = k; when (m +
1> —nisodd,leta =m+ 1,b =k,andc = k+ 1.Sincek <m < A/n by choice of m,

such a, b, ¢ are no greater than /n + 1 and satisfy n = a> + b* — 2.

A1080. Let f be the indicator function of the set of irrational numbers and let g be the
indicator function of the set of nonzero rational numbers. (The indicator function I of
aset A C Ris defined by I(x) =1 forx € A, I(x) = 0 forx € R\ A.) Clearly f, g are
both proto-monotone but their sum f + g is the indicator function of the set of nonzero
reals, which is not proto-monotone.
Next, let f be proto-monotone and g be continuous. For all x € R we have
(f + &) = f(x) + g(x) < limsup f(¢) + g(x)

I—>Xx
= limsup [f(z) + g()] = lim sup(f + £)(1),
—x —>x
where the equality passing from the first to the second line above is justified by the con-
tinuity of g: lim,,, g(¢) = g(x). Similarly, we have (f + g)(x) > liminf,_.(f + g)(?),
so f + gis proto-monotone.
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PAUL J. CAMPBELL, Editor
Beloit College

Assistant Editor: Eric S. Rosenthal, West Orange, NJ. Articles, books, and other materials are
selected for this section to call attention to interesting mathematical exposition that occurs out-
side the mainstream of mathematics literature. Readers are invited to suggest items for review
to the editors.

Scheinerman, Edward, The Mathematics Lover’s Companion: Masterpieces for Every-
one, Yale University Press, 2017; xx + 274 pp, $28. ISBN 978-0-300-22300-2.

Author Scheinerman’s intention is to share some of his favorite “gems” of mathematics,
with the goal of eliciting joy in the reader. “Certainly, mathematics has great practical
applications, but it also has profound beauty.” This book would not enhance a reader’s
“math skills,” but it will enlarge understanding of the nature, scope, and—yes—beauty
of mathematics. The chapters are arranged according to the themes of number, space,
and uncertainty, and they contain many of the topics that you might expect: prime num-
bers, irrational numbers, imaginary numbers, 7, e, Fibonacci numbers, transfinite num-
bers, Benford’s law; Pythagorean triples and Fermat’s last theorem, packing circles,
platonic solids, fractals, hyperbolic geometry; nontransitive dice, medical probability,
chaos, Arrow’s theorem, Newcomb’s paradox. The treatment and pace are gentle, and
the writing and motivation are engaging. All told, the book is a mind-broadening ex-
perience, of the sort that could be a basis for a liberal arts course in mathematics, and
one that would also be particularly beneficial for potential elementary teachers.

Stewart, Sedn M., How to Integrate It: A Practical Guide to Finding Elementary
Integrals, Cambridge University Press, 2018; xi + 368 pp, $29.99 (P). ISBN 978-1-
108-40819-6.

As I embark on teaching Calculus II again, I must question the importance and time
involved in teaching techniques of integration. Author Stewart gives short shrift to moti-
vating such study, his main rationale being intellectual curiosity. The book is thorough,
from a mathematical perspective, treating in detail all the common methods (and some
not so common), offering practice exercises and challenging problems (with answers).
I wish that there had been also an algorithmic perspective, including citations to papers
about integration leading out of various classes of elementary functions. I would also
have enjoyed seeing explicitly the formula below, which avoids integration by parts;
my students in probability find it extremely convenient:
Let P be a polynomial and m a nonzero constant. Then

/ P (x) dx = (P(x) LR PO P, ) +C.
m m m m

Acheson, David, The Calculus Story: A Mathematical Adventure, Oxford University
Press, 2017; xv + 188 pp, $16.95. ISBN 978-0-19880454-3.

Author Acheson offers a much-needed short account of the “big picture” of calculus
as a whole, illustrated with examples and reproductions from historic publications.
The first half of the book follows the themes of slope of a curve, area enclosed by a
curve, infinite series, and motion. The second half starts from Leibniz’s 1684 paper on
rules for differentiation, discusses the controversies about who invented calculus and
Berkeley’s objections, explores series in more depth (e.g., for 7 /4, e, trig functions,
and Fourier series), and concludes with chaos. Short pages, many illustrations, and a
sense of telling a big story contribute to the success of the book.

Math. Mag. 91 (2018) 159-160. doi:10.1080/0025570X.2018.1432204 © Mathematical Association of America
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Thomas, Lyn, Jonathan Crook, and David Edelman, Credit Scoring and Its Applica-
tions, 2nd ed., Society for Industrial and Applied Mathematics (SIAM), 2017; xiv +
357 pp, $102. ISBN 978-1-611974-55-3.

A moment’s thought will result in the realization that scoring for consumer credit could
involve a great deal of statistical theory. It does; and this book gives many of the details
of the methods involved: data mining, various regression methods, linear and integer
programming, neural networks, support vector machines, survival methods, Markov
chains, and much more. And in light of the global financial crisis in 2008, the authors
offer a moral: “[I]f you are or want to be a credit scorer, do it well, otherwise you could
trash the world economy for a decade!”

Stipp, David, A Most Elegant Equation: Euler’s Formula and the Beauty of Mathemat-
ics, Basic Books, 2017; viii + 223 pp, $27. ISBN 978-0-46509378-6.

The author asserts that “great mathematics is as provocative, beautiful, and deep as
great art or literature”; and the instance here is e 4+ 1 =0, the equation referred to in
the title. However, this equation, which “effectively compresses about two millennia’s
worth of big ideas in mathematics into a fantastically small package,” did not show up in
the author’s mathematical education, nor in his son’s high school mathematics courses.
This presentation about the equation, written in a leisurely informal and conversational
style, is at a more elementary level than Paul Nahin’s Dr. Euler’s Fabulous Formula...
(2006). One appendix gives Euler’s own derivation of the equation (using trigonometric
identities and series), and the other uses the equation to show that i’ is a real number.

Donoho, David, From blackboard to bedside: High-dimensional geometry is transform-
ing the MRI industry, Notices of the American Mathematical Society 65 (1) (January
2018) 40-44.

This article consists of notes for a briefing to members of Congress on one instance of
how federal funding of mathematical research (about $250M/yr) pays off in benefit to
the public. Federally-funded pure mathematics, dating back to the 1960s, has now made
possible speeding up magnetic resonance imaging (MRI) scans by a factor of 10. The
basis for the improvement is to take fewer measurements and select the reconstruction
that minimizes the Manhattan metric. Author Donoho emphasizes that it is the cer-
tainty and breadth of the guarantees offered by mathematical theorems that persuaded
technologists to try the new algorithms, termed (felicitously) compressed sensing.

“Gifted.” Film, 2017. Written by Tom Flynn, directed by Marc Webb. Produced by Day-
day Films and others. 101 mins. Subtitles: English, French, Spanish Dubbed: French,
Spanish. DVD, $29.98, Blu-ray $34.99.

This feature film dramatizes a challenge that you or friends may have faced as parents or
relatives—or that may even have affected you: how to manage the growth of a “gifted”
child, exploring and enhancing the child’s gift while maintaining an otherwise-normal
upbringing. The film features a spirited first-grade girl who is a mathematical prodigy,
and whose deceased mother had been a mathematician working on the Navier—Stokes
Millennium Prize Problem. The film depicts a custody battle between an uncle favoring
a “normal” social upbringing for the girl and a grandmother intent on elite schooling,
and the impact of the situation and the duel itself on the girl. The acting is excellent,
and the film is enjoyable.

Pitici, Mircea (ed.), The Best Writing on Mathematics 2017, Princeton University Press,
2018; xvi + 224 pp, $24.95 (P). ISBN 978-0-691-17863-9.

I am familiar with the “moon illusion” (the moon near the horizon seems larger than
when in the heavens) but not with the “moon tilt illusion,” whose explanation by Marc
Frantz in terms of projective geometry is included in this year’s harvest of fine math-
ematical writing. Other notable essays discuss “threshold” concepts in mathematics
(e.g., reifying a function as itself an object in a space), investigate the rhombicuboc-
tahedron in the famous portrait of Luca Pacioli, and speculate about who would have
been likely to win Fields Medals in 1866 (probably not whom you would imagine).



	82-82
	83-91
	References
	Summary.

	91-91
	92-95
	References
	Summary.

	96-96
	Summary.

	97-102
	ABSTRACT
	Preliminaries
	When the order of  is odd
	When the order of  is even
	An involutive approach
	A standard proof
	Other generalizations of Wilson’s theorem
	When  is non-Abelian
	Acknowledgment
	References
	Summary.

	103-111
	Answers to question 1
	Answers to question 2
	Answers to question 3
	Answers to question 4
	Answers to question 5: The functions  and 
	Acknowledgments
	References
	Summary.

	112-112
	Summary.

	113-120
	The planar case
	The three-dimensional case
	The -dimensional case
	Final remarks, open problems, and projects
	Acknowledgments
	References
	Summary.

	121-133
	Single angle envelopes
	Describing the deltoid
	Area of the deltoid
	The range of the area ratio
	Acknowledgment
	References
	Summary.

	134-137
	Reciprocal Fibonacci function and properties
	Alternate series representations for the reciprocal Fibonacci function
	Numerical summation and rate of convergence
	Acknowledgement
	References
	Summary.

	138-139
	References
	Summary.

	139-139
	140-141
	Reference
	Summary.

	141-141
	142-150
	Counting interior roots
	Root localization
	The special case 
	References
	Summary.

	151-158
	ABSTRACT
	Proposals
	Quickies
	Solutions
	Answers

	159-160

